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Thermometry of strongly correlated fermionic quantum systems using impurity probes
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We study quantum-impurity models as a platform for quantum thermometry. A single quantum spin- 1
2 impu-

rity is coupled to an explicit, structured, fermionic thermal sample system, which we refer to as the environment
or bath. We critically assess the thermometric capabilities of the impurity as a probe, when its coupling to the
environment is of Ising or Kondo exchange type. In the Ising case, we find sensitivity equivalent to that of an
idealized two-level system, with peak thermometric performance obtained at a temperature that scales linearly
in the applied control field, independent of the coupling strength and environment spectral features. By contrast,
a richer thermometric response can be realized for Kondo impurities, since strong probe-environment entangle-
ment can then develop. At low temperatures, we uncover a regime with a universal thermometric response that
is independent of microscopic details, controlled only by the low-energy spectral features of the environment.
The many-body entanglement that develops in this regime means that low-temperature thermometry with a
weakly applied control field is inherently less sensitive, while optimal sensitivity is recovered by suppressing the
entanglement with stronger fields.
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I. INTRODUCTION

The characterization of a system through its physical and
thermodynamic observables is not only of foundational im-
portance, but crucial in the design, control, and manipulation
of experimental and commercial platforms. Moreover, it is
vital that one has access to high-precision measurements of
the operating parameters of devices in the noisy intermediate-
scale quantum era, where mitigating the deleterious effects of
noise is a central task. In particular, having precise knowledge
of the temperature is required to assess whether a given system
is in the correct operating regime. However, thermometry
for quantum systems is challenging in part since there is no
unique observable one can assign to temperature [1–5]. There-
fore, we must resort to quantum estimation techniques which
provide strategies for inferring unknown parameters and place
fundamental bounds on how accurately we may measure them
[6–8]. The importance of temperature estimation, particularly
for low-temperature systems [9], has led to a plethora of
sensing platforms such as minimal thermometers comprised
of individual quantum probes [10] and more complicated
spin systems [11]. Various thermometric strategies have been
suggested [12], for example, exploiting the nonequilibrium
dynamics of the probe [13–15] to infer the temperature, col-
lisional schemes [16–20], global measurement schemes [21],
or leveraging quantum criticality to endow thermometers with
enhanced sensitivity [22–27].
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In this work we address an important aspect of quan-
tum sensing, i.e., the role that the microscopic description
of the sample plays in the achievable thermometric precision
[28,29], and how the development of quantum entanglement
between the probe and sample affects this precision. Our
setting consists of an explicit composite of the probe and
sample that we assume have reached thermal equilibrium with
one another at some ambient temperature. We regard the sam-
ple as a quantum environment or bath whose temperature the
probe is designed to estimate. We focus here on fermionic
(electronic) environments in the thermodynamic limit. The
probe will be a single spin- 1

2 quantum impurity (qubit) em-
bedded in the sample. We examine how the nature of the
probe-environment coupling as well as the spectral properties
of the environment itself determine the sensing capabilities
of the probe. We compare two paradigmatic quantum-
impurity models to describe the coupled probe-environment
system.

First, we consider an Ising-like coupling, which allows
for an exact analytic solution, even for baths with an infinite
number of degrees of freedom and with arbitrary spectral
properties. We find that the thermometric sensitivity of the
probe in this setting is essentially independent of the en-
vironment’s spectral features and, since this coupling does
not give rise to any entanglement between the probe and the
environment, the probe behaves effectively like a free spin in
an implicit thermal environment [30,31].

Second, we allow for spin-flip (exchange) terms in the
interaction Hamiltonian, thus realizing the so-called impurity
Kondo model [32]. This coupling gives rise to a significantly
richer behavior as the probe and bath become entangled.
In this case we find nontrivial temperature and control-field
dependences of the metrological precision of the impurity
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probe and observe that the bath’s spectral features now play
a crucial role. We uncover a characteristic universality in the
sensitivity of this probe at low temperatures, indicating that
the same thermometric response is obtained independently of
bare system parameters and can be used model-free.

II. PRELIMINARIES

A. Quantum thermometry for equilibrium systems

A typical thermometric protocol involves allowing a probe
system, the thermometer, to reach thermal equilibrium with
the sample [6,12], which hereafter we refer to as the environ-
ment or bath. Ideally, the probe acts as a weak perturbation
to the environment and acts noninvasively [33–37]. However,
for quantum systems, correlations and entanglement can build
up between the probe and the environment, especially at
low temperatures, with the nature of the probe-environment
entanglement often delicately dependent on the manner and
strength of their mutual interaction and the spectral properties
of the environment [11,38–43]. The thermometric precision
attainable in such an equilibrium setting is the focus of
this work. Specifically, we consider explicit fermionic envi-
ronments in the thermodynamic limit, probed by spin-qubit
impurities.

A given probe will be deemed a good thermometer if it
has a high sensitivity over a tunable target temperature range
and if it is robust in the sense that it works in different
environment settings without the need for detailed informa-
tion about the structure of that environment. The framework
of equilibrium temperature sensing considers an arbitrary n-
dimensional system with Hamiltonian Ĥ = ∑

n En|En〉〈En|,
where the system is described by the Gibbs state �̂T (T ) =
1
Z e−Ĥ/T = ∑

n pn|En〉〈En|, with {|En〉} the Hamiltonian eigen-
states and {pn} their thermal populations, with the partition
function Z = Tr(e−Ĥ/T ) [12,30]. We employ tools from quan-
tum parameter estimation theory to assess the thermometric
precision [6,8]. Within this framework, we can estimate some
unknown quantity λ, whose information is imprinted on a
quantum state �(λ) by performing a measurement of an ar-
bitrary observable. Repeating this process many times and
building up a data set of outcomes, we build an estima-
tor λ̄. Statistical errors arising from the uncertainty of these
outcomes are unavoidable and the precision with which the
parameter of interest can be estimated is quantified through
the Cramér-Rao bound [44]

Var(λ̄) � 1

MF (λ)
, (1)

which sets a lower bound on the statistical error via the vari-
ance of the parameter, withM the number of measurements
performed and F (λ) the Fisher information (FI) associated
with the particular choice of measurement. The FI quantifies
the amount of information that a given observable carries
about the unknown parameter λ,

F (λ) =
∑

k

|∂λln pk|2 pk, (2)

for a discrete set of outcomes with probability pk of obtaining
outcome k from the measurement. In the context of parameter

estimation theory, the FI gives the sensitivity with which we
can estimate the parameter λ, where evidently this sensitivity
is intimately related to the choice of measurement employed.
The quantum Fisher information (QFI) allows us to determine
the maximal attainable sensitivity by maximizing the FI over
all possible measurements and is given by

H (λ) =
∑

k

[∂λ�k (λ)]2

�k (λ)
+ 2

∑
m �=n

σmn|〈ψm|∂λψn〉|2, (3)

where the first term represents the classical FI, with �k and
|ψ j〉 the parameter-dependent density-matrix eigenvalues and
eigenvectors, respectively, and the second term captures the
quantum contribution to the FI, with σmn = (�n−�m )2

�n+�m
[6,45–

47]. We can apply this framework to quantum thermometry by
setting λ = T . For a family of Gibbs states �̂T (T ), the QFI is
equivalent to the classical Fisher information corresponding to
an energy measurement on the eigenstates of the Hamiltonian
Ĥ [12]. We use the quantum signal-to-noise ratio (QSNR)

Q = T
√
H (T ) (4)

to characterize the probe’s temperature sensitivity [13].

B. Physical system and model

We study spin-qubit probes for structured many-body
fermionic environments. The models considered are in the
class of quantum-impurity models, which consist of a few
strongly interacting quantum degrees of freedom, coupled
to a continuum bath of noninteracting conduction electrons.
Here the probe is taken to be a spin- 1

2 impurity coupled to
an explicit electronic host system, with an arbitrary structure
characterized by its electronic density of states (DOS) ρ(ω).

Although our focus here is on fundamental aspects of
thermometry, we note that the use of impurities as in situ
probes for the electronic structure of a host material has a long
history in the field of condensed-matter physics, both exper-
imental and theoretical. In its original and simplest context,
electronic scattering from actual magnetic impurities (such as
iron) embedded in bulk metals (such as gold) were studied
using resistivity measurements [32,48–50]. Since then, impu-
rities have been widely used as spectroscopic probes [51–54].
Indeed, impurity spins have also been used as nonlocal sensors
of magnetism [55].

Quantum-impurity models generically take the form

Ĥ = Ĥbath + Ĥimp + Ĥimp-bath, (5)

where Ĥbath describes a continuum bath of noninteracting
conduction electrons in the thermodynamic limit, Ĥimp is the
impurity Hamiltonian, and Ĥimp-bath describes the coupling be-
tween the impurity and the bath. In its diagonal representation,
we write the bath Hamiltonian in the second quantized form

Ĥbath =
∑
k,σ

εk ĉ†
kσ

ĉkσ
, (6)

where ĉkσ
(ĉ†

kσ
) annihilates (creates) an electron in the single-

particle momentum state k with spin σ =↑ or ↓. Here εk is
the electronic dispersion, which is determined by the specific
structure of the environment being considered.
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In the following we consider a single quantum impurity
coupled to such a fermionic bath, with the total Hamiltonian

Ĥ = Ĥbath + JzŜz
I Ŝz

0 + 1
2 J⊥(Ŝ+

I Ŝ−
0 + Ŝ−

I Ŝ+
0 ) + BI Ŝz

I + B0Ŝz
0,

(7)
where Ŝz

I , Ŝ+
I , and Ŝ−

I are spin- 1
2 operators for the impu-

rity, while Ŝz
0 = 1

2 (ĉ†
0↑ĉ0↑ − ĉ†

0↓ĉ0↓), Ŝ+
0 = ĉ†

0↑ĉ0↓, and Ŝ−
0 =

ĉ†
0↓ĉ0↑ act on the bath electrons at the impurity position. The

impurity is taken to be at the origin and couples locally in real
space to the bath site ĉ0σ = ∑

k ξk ĉkσ , where ξk is the weight
of the bath eigenstate k at the impurity position. In addition,
Jz and J⊥ are the Ising and spin-flip coupling interactions,
respectively, between the impurity spin and the conduction
electron spin density at the impurity position, while BI and B0

are Zeeman magnetic fields acting locally on the impurity and
bath and we fix BI = B0 ≡ B. Although we have considered
here the case of a local magnetic field, we note that essentially
identical results are obtained in the case of a globally applied
field, since the dominant contribution comes from the local
term included in Eq. (7).

Since the impurity-bath coupling is local, the impurity sees
the local conduction electron DOS at the origin, ρ(ω). It is
related to the retarded, real-frequency bath Green’s function
via ρ(ω) = − 1

π
Im G0

00(ω), where in Zubarev’s notation [56]
G0

00(ω) = 〈〈ĉ0σ ; ĉ†
0σ 〉〉0

ω denotes the Fourier transform of the
real-time propagator G0

00(t ) = −iθ (t )〈{ĉ0σ (t ), ĉ†
0σ (0)}〉0.

An advantage of this formalism is the flexibility one has
in choosing the structure of the environment being probed,
through the spectral properties of the bath corresponding to
different physical systems. We leverage this to assess the ther-
mometric capabilities of an impurity probe embedded within
different host environments. Details of the different bath sys-
tems used in the following and their corresponding DOS are
given in Appendix A.

In the context of quantum nanoelectronics, we note that
the Hamiltonian (7) describes real quantum-dot devices, for
which the impurity magnetization can be experimentally mea-
sured in response to an applied field [57].

We consider two distinct scenarios for the impurity-bath
coupling: (i) the Ising impurity in which Jz > 0 but J⊥ = 0
and (ii) the Kondo impurity in which both Jz and J⊥ are
finite. In many real systems, the impurity spin results from
a localized, half-filled quantum orbital with strong Coulomb
repulsion. The Kondo model can be derived as a low-
energy effective model from this more microscopic Anderson
impurity model [50,58] and produces a spin-isotropic, anti-
ferromagnetic exchange interaction Jz = J⊥ ≡ J > 0. This is
the situation we consider for the Kondo model in the follow-
ing. In both Ising and Kondo cases, there is a competition
between the impurity-bath coupling J , which favors antipar-
allel alignment of the spins, and the field B, which tends
to polarize the spins. However, the possibility of spin-flip
scattering in the Kondo model generates many-body quantum
entanglement between the impurity probe and the bath, which
is entirely absent in the Ising case, as reviewed further below.

C. Kondo effect

The Kondo model is a famous paradigm in the theory of
strongly correlated electron systems [50]. Even though the

bath consists of noninteracting electrons, the presence of an
interacting impurity can drive the system to a strong-coupling
ground state. For a metallic system, the quantum-impurity
spin is dynamically screened by conduction electrons at low
temperatures T 	 TK , where TK is an emergent low-energy
scale known as the Kondo temperature

TK ∼ De−1/ρ0J , (8)

where TK depends nonperturbatively on the impurity-
environment coupling J , ρ0 is the bath DOS at the Fermi
energy, and D is the conduction electron bandwidth. Physical
observables exhibit universal scaling in terms of the Kondo
temperature TK provided TK 	 D [50]. In the following, we
specify parameters as dimensionless ratios involving either
the conduction electron bandwidth D (which is typically of the
order of 1 eV) or the Kondo temperature TK (which depends
exponentially on the coupling J and in practice can range from
1 mK to 100 K depending on microscopic details of the setup
[50,57,59]).

At low temperatures the impurity forms a macroscopic
spin-singlet state and becomes maximally entangled with a
large number of conduction electrons in a surrounding Kondo
cloud [60–65]. Regarding the impurity as a metrological
probe, one might expect that the development of this strong
probe-environment entanglement could suppress sensitivity:
Only a small amount of information about the bath is im-
printed locally on the impurity since, due to the entanglement,
the reduced state of the impurity is maximally mixed. On the
other hand, the Kondo cloud evaporates at higher temperatures
[60] and the Kondo effect is destroyed by strong magnetic
fields [66] which tend to polarize the impurity and suppress
the crucial spin-flip scattering processes. Therefore, we ex-
pect a subtle interplay of energy scales T , B, J , and TK in
understanding the thermometric sensitivity of Kondo probes.

The Kondo effect is a nonperturbative quantum many-body
phenomenon, involving a large number of bath degrees of
freedom, characterized by strong entanglement, and involving
a low-energy emergent scale TK . There is no analytic solution
for generic quantum-impurity models and as such sophisti-
cated numerical techniques must be used. In this work we
use Wilson’s numerical renormalization-group (NRG) [67,68]
method, described in Appendix B, which provides access to
numerically exact thermodynamical observables at essentially
any temperature.

We note that the metallic Kondo effect has been ob-
served in many systems, including actual magnetic impurities
in metals [32,49,50], semiconductor quantum-dot devices
[57,59,69], and single-molecule transistors [70,71], among
others. More recently it has also been studied in the context of
other, nonmetallic host systems [72–77]. The Kondo model is
therefore a realistic model to describe the low-energy physics
of quantum spin probes coupled to fermionic environments.

The Kondo effect does not arise in the Ising limit J⊥ = 0.
Although the impurity and bath electrons are correlated, there
is no quantum entanglement between the two in this case.

D. Entanglement negativity

The entanglement between the impurity and bath is im-
portant for understanding the probe’s thermometric potential.
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In the context of quantum-impurity models, we quantify this
using the negativity [62–65,78], which is a well-established
entanglement monotone. In general, the negativity between
coupled subsystems A and B is defined as

NA;B = 1
2 (‖�TA‖ − 1), (9)

where � is the full density matrix, ‖ · ‖ denotes a trace norm,
and TA is the partial trace on subsystem A.

In the following we consider two negativity measures for
the Kondo model: (i) the negativity between the impurity and
the local bath orbital to which it is coupled, denoted by NI;0,
and (ii) the negativity between the impurity and the entire
bath, denoted NI;bath. In the former case, we use the NRG
reduced density matrix [79] of the impurity and local bath site
(having traced out the rest of the bath) and compute the partial
trace on the impurity to obtain NI;0. The inclusion of the full
bath in latter case makes computing the negativity signifi-
cantly more involved [64]. However, in the low-temperature
limit T 	 TK , we may use the analytical expression derived
very recently in Ref. [65] which relatesNI;bath to the impurity
magnetization,

NI;bath = 1
2

√
1 − 4

〈
Ŝz

I

〉2
, T 	 TK . (10)

As such, we see that in the low-temperature regime the
global impurity-bath entanglement will decrease with increas-
ing magnetic field, as the impurity becomes polarized. Finally,
it is important to remark that in our considered settings the
negativity is a sufficient but not necessary condition for en-
tanglement. The possible sudden death of negativity in the
Kondo model at finite temperatures [64] does not imply that
the impurity is completely disentangled with the bath.

III. IMPURITY THERMOMETRY

We begin by considering the temperature estimation of a
metallic environment via a spin- 1

2 impurity probe. We take the
simplest case of a fermionic bath with ρ(ω) = ρ0θ (D − |ω|)
corresponding to a constant DOS ρ0 inside a band of half-
width D. Here we assume that the environment and probe
have already reached equilibrium. In this case the probe state
is diagonal in its energy eigenbasis and the maximal sensi-
tivity is given by the thermal FI corresponding to an energy
measurement [30,43,80,81]. Since the impurity is a two-level
system with thermal populations p↑,↓ = 1

2 ± 〈Ŝz
I 〉 determined

completely by the impurity magnetization 〈Ŝz
I 〉, we can ex-

press the QFI as

H (T ) = |∂T
〈
Ŝz

I

〉|2
1
4 − 〈

Ŝz
I

〉2 . (11)

As the temperature sensitivity of the probe is intrinsically
related to its magnetization, the latter is a key quantifier
in understanding the underlying thermometric capabilities
of the probe, with high sensitivities achieved when the im-
purity magnetization changes rapidly with temperature. We
emphasize that the probe magnetization is a natural and ex-
perimentally feasible observable. For example, the impurity
magnetization was recently measured experimentally as a
function of temperature in the Kondo regime of a quantum-dot
device in Ref. [57].

An alternative view is obtained by exploiting a Maxwell
relation connecting the temperature derivative of the magne-
tization 〈Ŝz

I 〉 appearing in Eq. (11) to the field dependence
of the thermodynamic entropy S. Since 〈Ŝz

I 〉 = ∂BI F and S =
−∂T F in terms of the free energy F , we can write ∂T ∂BI F =
∂BI ∂T F and hence that ∂T 〈Ŝz

I 〉 = −∂BI S. Thus, we see that
high-temperature sensitivity of a spin-qubit probe is achieved
when the entropy changes rapidly as the field is varied. These
are complementary and intuitive perspectives.

A. Free-spin limit

We first briefly recapitulate the limit of a free (decoupled)
impurity spin. Here we imagine that the probe has reached
thermal equilibrium with the environment but is then adia-
batically disconnected from it before a measurement is taken.
While this implicit environment setup is somewhat idealized,
it provides a useful reference point for the proceeding sec-
tions where structured environments are explicitly considered.

The free-spin Hamiltonian is taken to be simply ĤFS =
BŜz

I , yielding a partition function Z = 2 cosh(B/2T ) and mag-
netization 〈Ŝz

I 〉 = − 1
2 tanh(B/2T ). From this we obtain the

ideal thermometric QSNR

Q =
(

B

2T

)
sech

(
B

2T

)
(free spin), (12)

which is a function of the single reduced parameter x = B/T .
We see thatQ(x) is nonmonotonic, vanishing at both small and
large x. The maximum sensitivity is achieved at B � 2.4T ,
for which Qmax � 2

3 . The thermometric capacity of two-level
probes are such that the peak sensitivity scales linearly with
applied field B [10,12].

B. Ising coupling

We now turn to the Ising impurity case, in which a quan-
tum spin- 1

2 impurity probe is coupled by an Ising interaction
to an explicit fermionic bath in the thermodynamic limit,
i.e., Eq. (7) with J⊥ = 0. This extends previous studies of
minimal thermometers that assume an implicit structureless
environment, characterized by a canonical Gibbs ensemble
[12,30,82].

We note that since [Ĥ , Ŝz
I ] = 0 for the Ising impurity, the

impurity spin projection is a conserved quantity. This means
that there is in fact no equilibration mechanism through which
the impurity can thermalize. Nevertheless, we assume here
that the impurity and bath are at thermal equilibrium. In prin-
ciple, one could achieve this by initially preparing the system
with a finite J⊥, which is then adiabatically turned off, or
by starting out with an infinitesimal J⊥ in the distant past.
The conserved impurity spin projection in the Ising impurity
limit means that the model can be solved analytically for any
arbitrary electronic bath, as shown explicitly in Appendix C.
Remarkably, our exact result shows that in the case of an
infinitely wide flat conduction band or for general baths but
with B0 = 0, the impurity magnetization is precisely that of
the free spin. This means that in these special cases, the probe
sensitivity is given by Eq. (12).

For the relevant case of finite B0 = BI ≡ B and finite con-
duction electron bandwidth D, we expect corrections to the
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FIG. 1. Quantum signal-to-noise ratio Q for the flatband (metal-
lic) Ising impurity model, plotted as a function of T/B. We fix
Jz = 0.1D, varying T for B/D = 10−2 (blue dashed line) and 101

(red dashed line), demonstrating universal scaling collapse to the free
spin (Gibbs state) result, Eq. (12). The inset shows Q vs T/D for
B/D = 10−2, 10−1, 100, 101 going from left to right. Again, here we
also show the free-spin result in each case (dotted lines).

free-spin (implicit bath) result, as detailed in Appendix C.
However, in practice we find these corrections to be very
small, except at very large Jz ∼ D. Figure 1 shows the ther-
mometric QSNR, plotted for a flatband Ising impurity model
using fixed Jz = 0.1D and different T and B. In the inset,
data for different B are plotted as a function of T/D, while
in the main panel we demonstrate scaling collapse to a single
universal curve when plotted as a function of the reduced
parameter T/B. The scaling is remarkably robust, holding
over a very wide range of parameters in both T and B. This is
the expected behavior for a free spin, as confirmed by direct
comparison with the orange dotted line in Fig. 1, correspond-
ing to Eq. (12).

Small deviations in the QSNR from the idealized free-spin
result (12), seen in our exact results for an Ising impurity in
an explicit bath, can be intuitively understood from mean-field
theory. As shown in Appendix C, within this simple approxi-
mation the impurity magnetization is given by

〈
Ŝz

I

〉 = −1

2
tanh

(
B + Jz

〈
Ŝz

0

〉
2T

)
, (13)

which is identical to the free-spin result, except with a
renormalized impurity field BI → B + Jz〈Ŝz

0〉. The bath mag-
netization 〈Ŝz

0〉 must be obtained self-consistently, but is found
to be rather small in the Ising case for all scenarios consid-
ered. We have verified numerically from the exact solution
of the model that even at large Jz ∼ D, the peak sensitivity
attainable is still Qmax � 2

3 and indeed the full QSNR profile
is essentially identical to the free-spin result, but with a small
field renormalization.

Our results indicate that the sensitivity of a quantum im-
purity spin coupled to a structured environment through an
Ising interaction is analogous to the thermometric precision

attainable for a free spin immersed in a memoryless bath
[10,30]. Furthermore, we find that this holds quite generally
for structured baths with different DOSs (see Appendix A),
with only minimal quantitative differences from the universal
free-spin result. Our exact analytic solution of the Ising impu-
rity model shows only a weak dependence on the bath DOS.

This insensitivity of the probe to the structure of the en-
vironment and the universal dependence of the QSNR on a
single parameter B/T , together with the high Qmax attainable
at any temperature upon tuning the control field B, make
the Ising impurity a good thermometer. The Ising probe af-
fords robust, reliable, and tunable thermometric capabilities,
irrespective of the host system being probed. However, the
drawback is that this assumes that all other model parameters,
and in particular the applied control-field strength, are pre-
cisely known [33]. Furthermore, such a setup does not allow
for the generation of probe-environment entanglement, which
spoils this ideal thermometric behavior.

C. Kondo coupling

We now turn to the more realistic situation [50] in which
the impurity probe and bath can become entangled. This
arises due to the mutual spin-flip terms parametrized by J⊥
in Eq. (7). In the following we take Jz = J⊥ ≡ J and study
the resulting isotropic Kondo model. We note that an impurity
coupled to a fermionic bath by such a term has a natural ther-
malization mechanism since the impurity spin projection is no
longer conserved. As noted above, the Kondo effect in such
systems is a consequence of the low-temperature formation of
a highly entangled many-body state. We explore the conse-
quences of this for thermometry below. First, we motivate our
discussion of the general Kondo case by consideration of two
simple limits.

1. Large-field limit

The Kondo model in the limit of very large magnetic fields
B � J, D becomes simple since both the impurity and bath
are polarized. The spin-flip terms in Eq. (7) are suppressed
and the impurity is effectively decoupled from the bath. The
physics here is that of a free spin in a strong magnetic field.

2. Narrowband limit

Another simple and analytically tractable limit of the
Kondo model arises for strong coupling J � D. In this
case the bare model is already close to the strong-coupling
renormalization-group fixed point [67]. Therefore, the impu-
rity forms a highly localized spin singlet with the bath site
to which it is coupled (one can view this as the limit where
the Kondo entanglement cloud shrinks in size to a single bath
site). This is the narrowband limit and we can approximate the
bath by a single site. Taking Jz = J⊥ ≡ J and BI = B0 ≡ B,
we write

ĤNBL = 1
2 J

[
Ŝz

I (n̂0↑ − n̂0↓) + Ŝ+
I c†

0↓c0↑ + Ŝ−
I c†

0↑c0↓
]

+ B
[
Ŝz

I + 1
2 (n̂0↑ − n̂0↓)

]
. (14)
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FIG. 2. Kondo impurity model in the narrowband limit J � D, given by Eq. (14): (a) impurity magnetization 〈Ŝz
I 〉, (b) entanglement

negativity of the impurityNI;0, and (c) temperature sensitivity QSNR Q, all plotted as a function of normalized field B/J and temperature T/J .

The partition function of this two-site reduced model is simply
Z = 4 cosh(B/2T ) + e−J/4T [1 + 2 cosh(B/T )] + e3J/4T . The
impurity magnetization and negativity then follow as〈

ŜZ
I

〉 = 1

2Z
[(eB/T − 1)(1 + eB/T + 2e(2B+J )/4T )], (15)

NI;0 = 1

2Z
[
√

1 + e2B/T (e2B/T + e2J/T − 1 − 2eJ/T )

− 1 − e2B/T ]. (16)

From the impurity magnetization we obtain the QFI from
Eq. (11) and hence the QSNR from Eq. (4). The results are
shown in Fig. 2.

The behavior of this model is already richer than the free-
spin or Ising cases. Here we have a competition between the
polarizing tendencies of the field B and the propensity for
spin-singlet formation favored by J . In the simplified two-
site model, this results in a singlet-triplet level crossing in
the ground state from 1√

2
(|↑↓〉 − |↓↑〉) for B < J to |↓↓〉

for B > J . In the low-temperature limit, this quantum phase
transition manifests as a discontinuous step in the impurity
magnetization from 0 to − 1

2 at B = J [see Fig. 2(a)]. This
transition corresponds to a collapse of the entanglement be-
tween the impurity and the local bath site at T = 0 [Fig. 2(b)].
However, at finite temperatures this transition is smoothed to a
crossover: With increasing field strength B the magnetization
continuously increases, whereas the negativity decreases.

This all gives rise to complex behavior in the thermometric
sensitivity [Fig. 2(c)]. In particular, we note that the magne-
tization can be nonmonotonic in T due to the involvement of
multiple competing states. From Eq. (11) we conclude that
the QFI, and hence the QSNR, must develop a nontrivial
nodal line in the (B, T ) plane, separating regions of enhanced
thermometric sensitivity.

3. General Kondo case

Finally, we consider the general case of the Kondo model
at finite B and J , with a spin- 1

2 quantum impurity coupled to
a full fermionic bath, where we restrict the metallic flatband
case in this section and refer to Sec. IV for a discussion of
different DOSs. The thermometric sensitivity is now affected
by strong electron correlation effects. Here we have a new
emergent scale, the Kondo temperature TK , and the possi-
bility of large-scale impurity-bath entanglement due to the

formation of the macroscopic Kondo cloud. We also note that,
unlike in the simplified two-site model, there is no quantum
phase transition in the Kondo model as a function of field
strength B; there is a smooth, universal crossover from the
Kondo singlet ground state for B 	 TK to a polarized impurity
for B � TK . We use the NRG method [67,68,79] to solve
the Kondo model and obtain the impurity magnetization 〈Ŝz

I 〉,
from which we extract the QSNR Q as a function of T and
B for a given Kondo coupling J . The numerical results are
plotted in Fig. 3 and discussed below. We see that the strong
electron correlations play an important role for the QSNR in
the Kondo model, giving a nontrivial response beyond that of
the simple free-spin or Ising limit. In Fig. 3(a) the applied field
strength is seen to significantly affect the temperature probe
sensitivity. Only for very large fields B (topmost, red line) do
we see effective free-spin or Ising behavior, with a charac-
teristic peak in Q at T ∼ B approaching its maximum value
of approximately 2

3 . As the field strength decreases (see, e.g.,
the lowermost, blue line), the maximum sensitivity attenuates
and the details of the QSNR profile change. Fundamentally,
this is because the impurity spin-resolved populations in this
regime are more robust to changes in the field, as the impurity
is locked into a Kondo spin singlet with bath electrons. The
Kondo temperature TK sets the scale separating qualitatively
different types of behavior: For B � TK Ising-like physics
similar to Fig. 1 dominates, whereas for B 	 TK Kondo
physics dominates. In this case, the peak position no longer
scales with B but instead becomes pinned around TK and the
peak height scales with B/TK .

Importantly, in the Kondo regime B 	 TK , we find a
completely universal behavior of the full QSNR profile,
demonstrated in Fig. 3(b). When properly rescaled as Q×
(TK/B), we see scaling collapse to the same universal curve
of all systems with different fields B when plotted vs T/TK .
Despite qualitative similarities, we note that the shape of this
universal curve is not the same as the free-spin or Ising re-
sult. This universality is significant, because we get the same
result independently of underlying model parameters. In the
following sections, we also show a stronger universality in the
sense that the same response is obtained independently of the
bath structure used (provided we still have a metallic system).
Thus, the Kondo probe can be used model-free, with very little
information about the environment or the probe-environment
coupling needed to make predictions about the temperature.
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FIG. 3. Thermometry in the Kondo impurity model, with isotropic exchange coupling Jz = J⊥ ≡ J for a flat conduction electron density
of states. Calculations performed using the NRG method. (a) Quantum signal-to-noise ratio Q as a function of temperature T for different field
strengths B, plotted as T/B and in the inset as T/D, shown for B/D = 10−12, 10−11, 10−10, 10−9, 10−8, 10−7 increasing from the bottom-most
blue to the topmost red lines, for fixed J = 0.1D. (b) Universal QSNR curve in the Kondo regime B 	 TK , plotted in terms of rescaled
quantities Q× (TK/B) vs T/TK , shown for B/D = 10−12, 10−11.5, 10−11, 10−10.5, 10−10 for fixed J = 0.1D, where we clearly see data collapse.
The inset shows the same data plotted as the bare Q vs T/D. (c) Peak sensitivity Qmax as a function of B/TK and in the inset as a function
of B/D, for couplings J/D = 0.07, 0.1, 0.15, 0.3, 0.5 with corresponding Kondo temperatures TK/D � 4 × 10−14, 3 × 10−10, 3 × 10−7, 4 ×
10−4, 9 × 10−3 denoted by the black solid, cyan dash–double-dotted, purple dash-dotted, orange dashed, and red dotted curves, respectively.
(d) Corresponding temperature at which the sensitivity peaks Tmax as a function of B/TK and in the inset as a function of B/D.

However, the cost of achieving this universality is that the
overall sensitivity in the Kondo-dominant regime B 	 TK is
low. This is because the impurity and environment become
highly entangled, and due to this high degree of nonclassical
correlation, the temperature sensing capabilities of the im-
purity are diminished. Intuitively, this follows from the fact
that measurements confined to the impurity probe provide
access to only a small amount of information about the en-
tangled many-body Kondo state. To understand the role that
probe-environment entanglement plays in determining the ro-
bustness and sensitivity of such an impurity thermometer, we
study entanglement properties of the Kondo regime explicitly
in Sec. III D.

The inset to Fig. 3(b) shows that the QSNR peak position
(denoted by Tmax) remains fixed at T ∼ TK in the Kondo
regime, while the peak height Qmax scales as B/TK . By con-
trast, in the large-field Ising regime B � TK shown in Fig. 3(a)
we see Tmax ∼ B and Qmax approaches the free-spin or Ising
saturation value of approximately 2

3 . This nonlinear thermo-
metric performance of the probe is demonstrated in Fig. 3(c),
where the different lines correspond to different coupling
strength J values. The black solid curve for J = 0.07 can
be considered the universal curve, characterized by single-
parameter scaling in B/TK . In Fig. 3(c) we see that Qmax

curves at larger J progressively fold onto this universal curve
at lower B/TK . However, nonuniversal deviations in Qmax at
large B ∼ J, D are expected. These are observed in practice
at large B/TK when TK is itself large, since single-parameter
scaling breaks down in this regime. We conclude that univer-
sal features of the probe appear only at small T and B.

In Fig. 3(d) we show the behavior of Tmax, which similarly
exhibits universal scaling in terms of TK and shows distinctive
behavior in the Kondo and Ising regimes. We clearly see
that once the Kondo effect is suppressed, i.e., B � TK , linear
scaling of the ideal probe temperature is attained, the same
behavior exhibited by the free-spin and Ising models. Finally,
we note that high probe sensitivity, approaching that of the
ideal free-spin limit, can still be achieved at arbitrarily low
temperatures in the Kondo system, simply by reducing the
coupling J . Since small J means a very small Kondo scale

TK (recall that the dependence is exponential), one can go
to the regime B � TK and see a peak in Q at temperatures
T � TK that might still be very low in absolute terms. Here
the field suppresses the Kondo spin-flip processes and hence
the impurity-bath entanglement, yielding good thermometric
capability. This can be at low absolute temperatures and still
in the fully universal regime, provided TK 	 T, B 	 J, D.
Although the field strengths we have used for illustrative
purposes in Fig. 3 are small in units of the conduction electron
bandwidth D, we note that D is typically a high-energy scale
of the order of 1 eV. The universal physics is set by the Kondo
temperature TK and the relevant quantity in the Kondo regime
is therefore B/TK . To demonstrate scaling collapse of data for
different B and J in Fig. 3 we scan B over an exponentially
wide range. However, we emphasize that in practice the uni-
versal regime can be realized at moderate B provided TK is not
very small. This simply corresponds to the regime of larger
impurity-environment couplings J .

D. Probe-environment entanglement

Next we consider in more detail the impurity-bath entan-
glement, focusing on the flatband Kondo model for metallic
systems. This builds upon previous studies of the entangle-
ment structure of Kondo systems [62–64,83], here generalized
to the finite-magnetic-field case. We consider both the nega-
tivity between the impurity and the full bathNI;bath, as well as
the negativity between the impurity and the local bath site to
which it is connected (but still in the presence of the rest of
the bath), denoted by NI;0.

We consider first the low-temperature limit T 	 TK , which
allows us to employ Eq. (10), and compute the entanglement
shared between the full bath and the impurity NI;bath as a
function of the applied control field B. This is plotted in
Fig. 4(a) as a function of the rescaled parameter B/TK for
different coupling strengths J . The universal curve, exhibiting
single-parameter scaling in B/TK , is obtained for small TK ,
meaning in practice small coupling J [see the black solid line
in Fig. 4(a)]. At larger J nonuniversal deviations are observed
at larger B due to band-edge effects. However, the trend in
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FIG. 4. Entanglement negativity for the Kondo impurity model, with isotropic exchange coupling Jz = J⊥ ≡ J for a flat conduction
electron density of states. (a) Negativity of the impurity with the full bath NI;bath in the limit T 	 TK as a function of B/TK , for couplings
J/D = 0.07, 0.1, 0.15, 0.3, 0.5 denoted by the black solid, cyan dash–double-dotted, purple dash-dotted, orange dashed, and red dotted curves,
respectively. (b) Negativity of the impurity with the local bath site NI;0 in the zero-field limit B = 0, as a function of coupling strength J for
different temperatures T/D = 0, 0.1, 0.5, 1, 2, 4 increasing from the leftmost blue to the rightmost red lines. (c) Field dependence of the
negativity NI;0, normalized by its zero-field value, plotted for different couplings J/D = 0.3, 0.31, 0.32, 0.33, 0.35, 0.4, 0.5, 0.7, 1 from the
rightmost blue to the leftmost red, in the low-temperature limit T 	 TK .

all cases is the same: An applied field on the order of the
Kondo temperature suppresses impurity-bath entanglement.
For fields B 	 TK however, the impurity-bath negativity is
maximized, meaning that the impurity in maximally entangled
with the full bath, independent of the coupling strength J . This
is attributed to the spin-flip terms being the predominant pro-
cess over the small degree of spin polarization caused by finite
B, and the resulting Kondo effect. In this regime the reduced
temperature sensitivity of the probe shown in Fig. 3(c) can
be attributed to this strong entanglement. Conversely, in the
opposite limit B � TK , the negativity starts to decay as the
applied field becomes the dominant term. Here the trade-off
between the competing effects enhances the thermometric
capacity of the probe while still producing universal behavior.
Further increasing the field strength, the entanglement decays
and the impurity’s sensing capabilities approach that of the
Ising or free-spin limit. The qualitative behavior at finite tem-
peratures is expected to be similar.

In the universal regime, the impurity-bath entanglement
generated by the Kondo effect is highly nonlocal [61–65],
extending in real-space throughout the Kondo cloud, which
involves a macroscopic number of bath sites [60]. This entan-
glement cloud shrinks in size as the coupling strength J (and
hence the Kondo temperature TK ) increases. This is demon-
strated indirectly in Fig. 4(b), where we show the negativity
between the impurity and just the local bath site to which
it is connected NI;0, as a function of coupling strength J , at
zero field B = 0. At zero temperature (in practice T 	 TK ),
the impurity is seen to become maximally entangled with
the local bath site when J � 1 (see the leftmost blue line).
Due to the monogamy of entanglement, this implies that the
impurity is disentangled with the rest of the bath; this is the
narrowband limit considered previously, where the Kondo
cloud essentially shrinks down to a single site. At smaller J ,
the entanglement shared between the impurity and the local
bath site is much smaller. However, since for T 	 TK and
B = 0 the entanglement between the impurity and the full
bath is large [Fig. 4(a)], we can infer that the bulk of the
entanglement is with sites further away from the impurity.

By increasing the temperature, from the leftmost blue to the
rightmost red lines in Fig. 4(b), we see a similar trend, but with
a delayed onset of the maximum local entanglement with J .

In Fig. 4(c) we examine the subtle interplay between finite
B and J in the local entanglement. We plot NI;0 at finite B
in the low-temperature regime, normalized by its zero-field
value, with the different lines corresponding to different J ,
increasing from rightmost blue to leftmost red. Here we see
nonmonotonic behavior in the local entanglement at smaller J
(see, e.g., the blue line for J = 0.3). In this case, the Kondo
entanglement cloud at T = B = 0 is large and only a small
amount of the full impurity-bath entanglement is shared with
the local bath site. However, by turning on the field to B ∼ TK ,
the Kondo effect starts to be suppressed. The many-body
Kondo cloud begins to evaporate and although the overall
impurity-bath entanglement decreases [see Fig. 4(a)], it is
also redistributed in real space in a nontrivial way. The local
spin-exchange process begins to dominate over the many-
body Kondo effect and the entanglement shared between the
impurity and the local bath site grows with increasing B. For
larger fields B � TK however, the impurity becomes polarized
and the entanglement collapses when B ∼ J . We note that
when the bare coupling J is large, e.g., the red dotted line for
J = 1, the Kondo cloud is already small and a high proportion
of the full impurity-bath entanglement is local. In this case,
we approach a step-function decay of the entanglement on
increasing B. This is precisely the behavior expected in the
narrowband limit shown in Fig. 2(b), where at low T we
found that NI;0 goes from its maximum 1

2 for B < J to 0 for
B > J . In the true Kondo model, this transition is smoothed to
a crossover, but one that becomes progressively sharper with
increasing J . The unusual nonmonotonic behavior appears
only in the universal regime at smaller J due to many-body
effects.

IV. DEPENDENCE ON ENVIRONMENTAL
SPECTRAL FEATURES

In the previous sections we focused on an impurity
probe embedded in a metallic environment with a featureless
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density of states. Here we generalize to structured environ-
ments, characterized by their spectral properties via the local
DOS ρ(ω) at the probe location. Different physical systems
will of course have different DOS features, which depend
on the structure, geometry, dimensionality, and ultimately the
chemistry of the host material, through its band structure.
Although ρ(ω) for real systems will be complicated, for the
purposes of the metrological quantum-impurity problem we
can broadly classify them into three families according to their
low-energy behavior: (i) metals with constant DOS ρ(ω) ∼ ρ0

at low energies, (ii) semimetals with a low-energy pseudogap
vanishing DOS ρ(ω) ∼ |ω|r with r > 0, and (iii) materials
with a low-energy power-law diverging DOS ρ(ω) ∼ |ω|r
with −1 < r < 0. The impurity response in each case is
known to be quite different [50,73,74]; nevertheless, distinct
systems within a family share the same universal features.
Representative material examples of the three classes are
gold [49] (metallic), graphene [72,84] (semimetal pseudogap
with r = 1), and magic-angle twisted bilayer graphene (TBG)
[85–87] (power-law diverging DOS with r = − 1

4 ). Note that
we can study systems with a finite electronic bandwidth D, or
with an infinite bandwidth provided ρ(ω) is still normalizable.
Further details of the specific DOSs used for our calculations
in this section can be found in Appendix A.

As alluded to previously, for the Ising impurity model
(J⊥ = 0), we find that there is essentially no dependence of
the QSNR on the bath DOS ρ(ω) and the free-spin result
(12) pertains except for very large J � D, where small de-
viations are observed. The structure of the bath in this case
does not play a significant role in part due to the fact that the
impurity and bath do not become entangled. The situation is
quite different in the Kondo case (finite J⊥) because the bath
DOS strongly influences the development of impurity-bath
entanglement via the Kondo effect. Relative to a standard
metallic system, the Kondo temperature TK for a system with
diverging DOSs (such as TBG) is strongly enhanced [74].
This means that the impurity probe and the bath become
strongly entangled on much higher temperature scales than
in metallic systems and therefore that a much higher field
B must be applied to suppress the Kondo effect and re-
cover Ising-like sensitivity. However, even when rescaled in
terms of B/TK , we expect differences between metallic DOS
and diverging DOS systems, since they belong to different
quantum-impurity universality classes. To demonstrate this,
in Fig. 5(a) we show the peak sensitivity Qmax vs B/TK in
the universal regime B, T 	 J, D, for different systems with
ρ(ω) corresponding to the metallic flatband (black solid line),
metallic nanowire (red dotted line), metallic Gaussian (blue
dash-dotted line), and TBG power-law diverging DOSs (green
dash–double-dotted line). The three metallic systems have the
same universal behavior, independent of the detailed structure
of the DOS, when rescaled in terms of B/TK . The power-law
diverging DOS also gives a universal response, but one that
is different from the metallic case, saturating to the Ising
limit Qmax � 2

3 (red solid line) more rapidly than the metals
as B/TK is increased. The differences between metallic and
diverging DOSs are also evident in Fig. 5(b), where we show
the full QSNR profile for the same systems. We plot rescaled
quantities to give the universal curves Q× (TK/B) vs T/TK .
As expected, we see distinct behavior for the two different

m
ax

FIG. 5. Universal behavior of Kondo impurity probes in struc-
tured baths with coupling J = 0.1D in terms of the conduction
bandwidth D. (a) Peak sensitivity Qmax as a function of B/TK

for bath systems with the DOS corresponding to flatband (black
solid line), nanowire (red dotted line), Gaussian (blue dash-dotted
line), and diverging DOSs (green dash–double-dotted line) with cor-
responding Kondo temperatures TK/D � 3 × 10−10, 2 × 10−8, 2 ×
10−12, 5 × 10−4. The red solid line shows the ideal free-spin (Ising)
result. The inset shows the corresponding impurity-bath entangle-
ment negativity decay NI;bath in the T 	 TK limit. (b) Rescaled
QSNR Q× (TK/B) vs T/TK for the same systems.

families (metallic and diverging DOSs), but the same behavior
for different systems within the same family [different ρ(ω)
and J].

We can develop a more fundamental understanding of
the qualitative differences that arise in the impurity probes’
thermometric response when in contact with different envi-
ronments by considering the impurity-bath entanglement via
the negativity NI;bath, shown in the inset of Fig. 5(a). Here
we see that the TBG and metallic DOSs have distinct decay
rates on applying a field B (even when plotted as B/TK ),
with the former dropping off more rapidly than the latter, a
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consequence of the spin becoming more easily polarized for
the TBG case.

The Kondo model is a realistic model of quantum-impurity
probes in real fermionic host systems and provides a natural
thermalization mechanism through the J⊥ spin-flip scat-
tering processes. However, these same spin-flip scattering
processes also lead to the Kondo effect and hence macro-
scopic impurity-bath entanglement in metallic systems, which
strongly suppresses thermometric sensitivity. We therefore
conclude that the Kondo impurity probe is extremely robust
for B 	 TK , giving the same universal model-free behavior,
independent of the bare parameters and bath DOS, provided
the systems considered are within the same impurity uni-
versality class. Despite the reduction in absolute terms due
to the strong entanglement established in this regime, this
nevertheless demonstrates a remarkable advantage over other
thermometric schemes since knowledge of the precise details
of the host system being probed are not required.

Finally, we remark on the interesting case for the power-
law vanishing case of a graphene bath (results not shown).
The depleted DOS around the Fermi energy suppresses the
Kondo effect [72] and therefore the impurity remains a free
local moment down to T = 0. The thermometric sensitivity
of a spin qubit probe in graphene is therefore the same as that
of a free spin in an implicit thermal environment (Gibbs state),
Eq. (12). Thus, an impurity in graphene can still thermalize,
but the low-energy linear pseudogap in the DOS prevents the
Kondo effect from forming and hence arrests the development
of strong impurity-bath entanglement. In turn, this means that
in graphene, we obtain near-perfect (free-spin or Ising-like)
thermometry. Our findings therefore suggest that a magnetic
impurity embedded on a large graphene flake could together
act as an excellent quantum thermometer, assuming that the
graphene flake could itself thermalize with its surroundings.

V. CONCLUSION

We have examined the thermometric performance of quan-
tum spin- 1

2 impurity probes immersed in structured fermionic
quantum environments. Assuming that the impurity and envi-
ronment are in thermal equilibrium, we have carefully studied
the role that the nature of the impurity-environment coupling,
the resulting entanglement, and the environment’s spectral
properties play in the achievable thermometric precision. For
an Ising-type coupling between the probe and environment,
no entanglement is generated. In this case, we find that im-
purities act as versatile and sensitive probes, achieving peak
sensitivities comparable to those achievable for an idealized
two-level system. Furthermore, this sensitivity is independent
of the specific structure of the environment being probed, and
the temperature at which peak sensitivity is achieved scales
linearly with the applied control field. However, such a setup
has no intrinsic thermalization mechanism and is arguably an
oversimplified model for realistic impurity probes [50].

On the other hand, allowing for spin-flip exchange cou-
pling terms between the impurity probe and the quantum
environment leads to the buildup of strong probe-environment
entanglement at lower temperatures and we showed that this
has a dramatic effect on the thermometric response. In this
Kondo impurity model, an emergent low-energy scale TK ,

characterizing the onset of strong correlations, distinguishes
two separate regimes. When the control field is large B � TK ,
probe-environment entanglement is suppressed and the Ising
interaction dominates. Then the thermometric capability of
the probe is again comparable to that of the idealized two-level
system. For B 	 TK , strong probe-environment entanglement
generated by the Kondo effect leads to reduced overall sen-
sitivity. However, in this regime we uncovered a universal
probe response in the thermal QSNR, independent of bare
model parameters and microscopic details. This indicates that
by sacrificing sensitivity we can exploit many-body effects
to achieve sensors that do not require knowledge of system
parameters and operate model-free. Indeed, this is a particu-
larly relevant point in thermometric protocols where often one
implicitly assumes that the temperature is the only parameter
to be estimated and all other terms entering the Hamiltonian
are known precisely [33]. Our results demonstrate that this
requirement can be circumvented by leveraging the universal
features of many-body systems.

Finally, as an outlook, we comment that the Kondo model
studied here is also the low-energy effective model de-
scribing experimental semiconductor quantum-dot systems
[57,59,69,88], meaning that our results for temperature sens-
ing may be relevant to existing quantum nanoelectronic
devices. The Kondo regime can be accessed experimentally
in quantum-dot devices, with data for different systems col-
lapsing to a single universal curve when plotted in terms of
T/TK . This is possible using experimental temperatures and
control fields because the Kondo temperature TK is highly
sensitive to the dot-lead coupling strength and in practice
can be tuned in situ from approximately 10−6 K to 102 K by
varying gate voltages (see, e.g., [59]). Furthermore, the key
observable discussed in this work, the probe magnetization,
can be measured experimentally in the Kondo regime in such
quantum-dot systems (see, e.g., Ref. [57]).

A further interesting direction is to extend the study to
more complex impurity systems, including multi-impurity se-
tups [89], those exhibiting quantum criticality [90], and/or
systems out of equilibrium [13].
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APPENDIX A: STRUCTURED FERMIONIC
ENVIRONMENTS

In this work we consider impurity probes for explicit
fermionic environments. We assume that the environment
consists of a bath of noninteracting electrons in the ther-
modynamic limit, described by the diagonal Hamiltonian
Ĥbath = ∑

k,σ εk ĉ†
kσ

ĉkσ
. However, rather than specifying a par-

ticular tight-binding model, dispersion, or band structure for
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the bath, we work directly with its local DOS ρ(ω), at
the impurity location. Here ρ(ω) is in general continuous
and structured. It is related to the retarded electron Green’s
function of the free bath at the impurity probe location, via
ρ(ω) = − 1

π
Im G0

00(ω). Here the real-frequency Green’s func-
tion G0

00(ω) = 〈〈c0σ ; c†
0σ 〉〉0 is the Fourier transform of the

real-time propagator G0
00(t ) = −iθ (t )〈{ĉ0σ (t ), ĉ†

0σ (0)}〉0, and
ĉ(†)

0σ = ∑
k ξk ĉ(†)

kσ
, where ξk is the weight of a single-particle

bath eigenstate k at the impurity position.
We consider the following paradigmatic cases for the DOS:

ρflb(ω) = ρ0θ (1 − |ω/D|), flatband (metallic), (A1)

ρnw(ω) = ρ0

√
1 − (ω/D)2, nanowire (metallic), (A2)

ρGau(ω) = ρ0 exp[−(ω/D)2], Gaussian (metallic), (A3)

ρgrph(ω) ∼ ρ0|ω/D|, graphene (semimetal), (A4)

ρTBG(ω) ∼ ρ0|ω/D|−1/4, TBG (diverging). (A5)

In each case, ρ0 is chosen such that the corresponding DOS
correctly normalizes to 1. Equations (A1)–(A3) describe
metallic systems, with the flatband and nanowire having finite
hard bandwidths D, while the Gaussian case has an infi-
nite bandwidth but still a characteristic width D. We obtain
the semielliptical nanowire DOS from a semi-infinite tight-
binding chain model. In Eq. (A4) graphene is our chosen
representative of the pseudogap DOS class, with its low-
energy Dirac cone spectrum (in our calculations for graphene
we use the full DOS of the hexagonal tight-binding lattice
[72,84]). Finally, we consider magic-angle twisted bilayer
graphene in Eq. (A5), which has a power-law diverging DOS
at low energies due to flatbands in the full band structure
from the higher-order Van Hove singularity in that material
[85–87,91].

In terms of a magnetic impurity embedded in these host
materials, metallic systems have a Kondo temperature TK ∼
De−1/ρ0J [50], while the Kondo effect in TBG is strongly
boosted, TK ∼ D(ρ0J )4 [91]. By contrast, there is no Kondo
effect in neutral graphene, TK = 0, due to the depleted DOS.

APPENDIX B: SOLUTION OF THE KONDO
IMPURITY MODEL

When the spin-flip terms embodied by finite J⊥ in Eq. (7)
are included, the model becomes a highly nontrivial quantum
many-body problem for which no generic analytic solution
exists. As such, sophisticated numerical methods such as Wil-
son’s NRG technique are needed to obtain the full solution.
Note that basic mean-field methods totally fail to capture the
physics of the Kondo model, unlike the Ising case.

Numerical renormalization-group method

The NRG method is a numerically exact, nonperturba-
tive technique for solving quantum-impurity-type problems
[67,68]. It was originally designed to deal with the metallic
Kondo problem, but has since been generalized to impuri-
ties in arbitrary structured baths [68,92]. Here we use the
full-density-matrix NRG method [79] to obtain the (local)

impurity magnetization of the Kondo model in the presence
of impurity and bath magnetic fields, at finite temperatures, as
well as to calculate the impurity entanglement negativity [64].

The NRG method involves the following steps [67,68].
(i) The bath DOS ρ(ω) is divided into intervals on a log-

arithmic grid according to the discretization points ±D−n,
where D is the bare conduction electron bandwidth,  > 1 is
the NRG discretization parameter, and n = 0, 1, 2, 3, . . .. The
continuous electronic density in each interval is replaced by a
single pole at the average position with the same total weight,
yielding ρdisc(ω).

(ii) The conduction electron part of the Hamiltonian Hbath

is then mapped onto a semi-infinite tight-binding chain (called
the Wilson chain)

Hbath → Hdisc
bath =

∑
σ

∞∑
n=0

tn ( f †
n,σ fn+1,σ + f †

n+1,σ fn,σ ), (B1)

where the Wilson chain coefficients {tn} are determined such
that the DOS at the end of the chain reproduces exactly the
discretized host DOS, that is, − 1

π
Im〈〈 f0,σ ; f †

0,σ 〉〉 = ρdisc(ω).
For simplicity, we have assumed particle-hole symmetry in
the free bath here. Due to the logarithmic discretization, the
Wilson chain parameters decay roughly exponentially down
the chain, tn ∼ −n/2. However, the detailed form of the tn
encodes the specific host DOS [68].

(iii) The impurity is coupled to site n = 0 of the Wilson
chain. We define a sequence of Hamiltonians HN comprising
the impurity and the first N + 1 Wilson chain sites

HN = J �̂SI · �̂S0 + B
(
Ŝz

I + Ŝz
0

)
+

∑
σ

N−1∑
n=0

tn ( f †
n,σ fn+1,σ + f †

n+1,σ fn,σ ), (B2)

where we assume Jz = J⊥ ≡ J and BI = B0 ≡ B for simplic-
ity. We now define the recursion relation

HN+1 = HN +
∑

σ

tN ( f †
N,σ fN+1,σ + f †

N+1,σ fN,σ ) (B3)

such that the full (discretized) model is obtained as Hdisc =
limN→∞ HN .

(iv) Starting from the impurity, the chain is built up suc-
cessively by adding Wilson chain sites using the recursion
(B3). At each step N , the intermediate Hamiltonian HN is
diagonalized, and only the lowest Ns states are retained to
construct the Hamiltonian HN+1 at the next step, with the
higher-energy states being discarded. With each iteration we
therefore focus on progressively lower-energy scales. Further-
more, the iterative diagonalization and truncation procedure
can be viewed as a renormalization-group transformation [67]
HN+1 = R[HN ].

(v) The partition function ZN can be calculated from the
diagonalized Hamiltonian HN at each step N . Wilson showed
[67] that thermodynamic properties obtained from ZN at an ef-
fective temperature TN ∼ −N/2 accurately approximate those
of the original undiscretized model at the same temperature.
The sequence of HN can therefore be viewed as coarse-grained
versions of the full model, which faithfully capture the physics
at progressively lower temperatures. Useful information is
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therefore extracted from each step, and physical observables
can be obtained at essentially any temperature.

In this work we use an NRG discretization parameter  =
2 and retain Ns = 3000 states at each step of the calculation.
Total charge and spin projection Abelian quantum numbers
are exploited in the block-diagonalization procedure.

APPENDIX C: SOLUTION OF THE ISING
IMPURITY MODEL

For an Ising impurity probing a fermionic environment,
the full Hamiltonian is given by Eq. (7) with J⊥ = 0. Even
though this is an interacting quantum many-body problem (its
fermionic representation involves quartic terms), it is trivially
integrable and therefore exactly solvable because the impurity
spin is conserved, [Ĥ , Ŝz

I ] = 0. This means that exact eigen-
states are separable (product) states |ψ〉 = |Sz

I 〉I ⊗ |φ〉B, with
corresponding energies E = B〈φ|Ĥbath|φ〉B + BI S

z
I + (B0 +

JzSz
I )B〈φ|Ŝz

0|φ〉B. Given that Ŝz
0 = 1

2 [n̂0↑ − n̂0↓] and that for a
given impurity spin projection Sz

I the bath electrons with spins
σ =↑ and ↓ are strictly decoupled, the effect of the impurity
on the conduction electrons can be entirely captured with a
modified boundary potential added to the free Ĥbath. We can
therefore write

Ĥ = BI Ŝ
z
I +

∑
Sz

I ,σ

∣∣Sz
I

〉
Ĥ

Sz
I ,σ

bath

〈
Sz

I

∣∣, (C1)

where

Ĥ
Sz

I ,σ

bath = ε
Sz

I ,σ

eff

(
n̂0σ

) +
∑

k

εk ĉ†
kσ

ĉkσ
, (C2)

with ε
Sz

I ,σ

eff = B0Sz
0 + JzSz

I σ the effective boundary potential
(σ = ± 1

2 for ↑ or ↓ electron spin). Here n̂0σ = ĉ†
0σ ĉ0σ is the

number operator for the local bath site to which the impurity
is coupled and c0σ = ∑

k ξkckσ as before. Each of the four

effective models Ĥ
Sz

I ,σ

bath are simple free-fermion problems that
are easily solved. Here we are interested in calculating the
QFI for the Ising impurity system in an arbitrary structured
fermionic environment, characterized by its free DOS ρ(ω).
We therefore develop a Green’s-function method to solve
the model exactly, which allows us to work directly in the
thermodynamic limit of the bath, with ρ(ω) as the input. The
impurity magnetization 〈Sz

I 〉 is calculated exactly and the QFI
follows immediately from Eq. (11).

The impurity magnetization is obtained from the free en-
ergy 〈Sz

I 〉 = ∂F/∂BI , with F = −T ln Z , where Z is the full
partition function. Since eigenstates are labeled by Sz

I , we
can decompose Z = ∑

Sz
I
ZSz

I . From Eq. (C1) it follows that

ZSz
I = Z

Sz
I

I

∏
σ Z

Sz
I ,σ

0 , where Z
Sz

I
I = e−BI Sz

I /T and Z
Sz

I ,σ

B is the par-

tition function calculated from Ĥ
Sz

I ,σ

bath in Eq. (C2). The impurity
magnetization follows as

〈
Sz

I

〉 = 1

2

(
Z↑ − Z↓

Z↑ + Z↓

)
. (C3)

To make progress we must calculate Z
Sz

I ,σ

B . Since Ĥ
Sz

I ,σ

bath is
quadratic, we may use

ln Z
Sz

I ,σ

B =
∫

dω ρ
Sz

I ,σ

tot (ω) ln(1 + e−ω/T ), (C4)

where ρ
Sz

I ,σ

tot (ω) is the total (orbital-summed) DOS of Ĥ
Sz

I ,σ

bath .
We separate this into a contribution ρ0

tot (ω) from the free bath

(evaluated for ε
Sz

I ,σ

eff = 0) and a contribution �ρ
Sz

I ,σ

tot (ω) due
to the introduction of the boundary potential (evaluated for
finite ε

Sz
I ,σ

eff ) such that ρ
Sz

I ,σ

tot (ω) = ρ0
tot (ω) + �ρ

Sz
I ,σ

tot (ω). Since

the contribution to Z
Sz

I ,σ

B from ρ0
tot (ω) does not depend on Sz

I
or σ , it cancels in the magnetization calculation (C3) and
therefore we do not need to evaluate it explicitly. We obtain
�ρ

Sz
I ,σ

tot (ω) = − 1
π

Im �G
Sz

I ,σ

tot (ω) from the change in the total
(orbital-summed) bath Green’s function due to the boundary
potential.

The free-bath DOS at the impurity position ρ(ω) =
− 1

π
Im G0

00(ω) is related to the retarded local Green’s func-
tion G0

00(ω) = 〈〈c0σ ; c†
0σ 〉〉0, evaluated for the decoupled Hbath

and can have arbitrary structure. We may write this Green’s
function as G0

00(ω) = 1/[ω + i0+ − �(ω)] in terms of an
auxiliary hybridization function �(ω). Including the bound-
ary potential, the Dyson equation yields[

G
Sz

I ,σ

00 (ω)
]−1 = [

G0
00(ω)

]−1 − ε
Sz

I ,σ

eff . (C5)

The difference in the local Green’s functions at the impurity
position due to the boundary potential is then �G

Sz
I ,σ

00 (ω) =
G

Sz
I ,σ

00 (ω) − G0
00(ω). Finally, we use Green’s-function equa-

tions of motion methods [50,56] to express the total change
in the bath Green’s function due to the boundary potential, in
terms of this local change,

�G
Sz

I ,σ

tot (ω) = �G
Sz

I ,σ

00 (ω)

(
1 − ∂�(ω)

∂ω

)
. (C6)

From this we obtain the total change in the bath DOS
�ρ

Sz
I ,σ

tot (ω) and hence the impurity contribution to the partition
function from Eq. (C4). The impurity magnetization follows
from Eq. (C3).

The full analytic solution of the generic Ising impurity
model presented above yields some immediate insights, dis-
cussed below.

1. Case of B0 = 0

Keeping BI finite but setting B0 = 0 results in an impurity
response identical to that of a free spin, independent of the
specific bath used. This is because in this limit ε

↑↑
eff = ε

↓↓
eff and

ε
↑↓
eff = ε

↓↑
eff , meaning that

∏
σ Z

Sz
I ,σ

B is independent of Sz
I in the

calculation of the impurity spin-resolved partition functions
ZSz

I . From Eq. (C3) these factors cancel out in the magnetiza-
tion calculation and we obtain 〈Ŝz

I 〉 = − 1
2 tanh(BI/2T ), as for

an isolated free spin. Corrections to this result for small finite
B0 are expected to be small.

2. Wide flatband limit

Quantum-impurity problems are often studied [50] using
the flatband DOS (A1) in the wide bandwidth limit D → ∞.
In practice, this applies for finite bandwidths which are the
largest energy scale in the problem, D � Jz, BI , B0, T . In
this case, the real part of the bath Green’s function G0

00(ω)
vanishes and so the auxiliary hybridization function takes
the form �(ω) = ω − i/πρ0. From this we see immediately
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that ∂�(ω)/∂ω = 1 and hence �G
Sz

I ,σ

tot (ω) = 0 in Eq. (C6).

In turn, Z
Sz

I ,σ

B is independent of Sz
I and σ from Eq. (C4) and

the isolated free-spin result for the impurity magnetization
〈Ŝz

I 〉 = − 1
2 tanh(BI/2T ) is again found from Eq. (C3).

3. Nanowire example

For B0 �= 0 and arbitrary structured baths, we find a correc-
tion to the free-spin result. However, in all cases considered,
the deviation is rather modest. To illustrate this, we take the
nanowire (one-dimensional chain) bath as a concrete example.
The explicit form of Eq. (C2) then reads

Ĥ
Sz

I ,σ

bath = ε
Sz

I ,σ

eff

(
n̂0σ

) + t
∞∑
j=0

(ĉ†
jσ ĉ j+1σ + ĉ†

j+1σ ĉ jσ ). (C7)

The corresponding free-bath Green’s function at the im-
purity location is tG0

00(ω) = ω/2t − i
√

1 − (ω/2t )2 ≡ e−iφ

with cos φ = ω/2t . The local DOS seen by the impurity fol-
lows from ρnw(ω) = − 1

π
Im G0

00(ω) and is given by Eq. (A2)
with D = 2t and ρ0 = 1/πt . The change in the local Green’s
function due to the boundary potential is still given by
Eq. (C5). Following Ref. [60], we can express the change
in the real-space Green’s function for site j � 0 due to the
boundary potential as �G

Sz
I ,σ

j j (ω) = �G
Sz

I ,σ

00 (ω)[tG0
00(ω)]2 j .

We note that the latter factors [tG0
00(ω)]2 j ≡ e−2i jφ are simply

Chebyshev polynomials. Resumming the infinite series for all
sites j, we obtain explicitly

�G
Sz

I ,σ

tot (ω) = �G
Sz

I ,σ

00 (ω)

1 − [
tG0

00(ω)
]2 , (C8)

which agrees with the general calculation from Eq. (C6).
Using these expressions, we find that the correction to the
free-spin magnetization is small except when the impurity-
bath coupling Jz � D is very large.

4. Mean-field approximation

Further physical insight is gained from a mean-field ap-
proximation for the Ising impurity magnetization problem.

The mean-field Hamiltonian for the Ising impurity model is
obtained by decoupling the interaction term, assuming that
impurity and bath spin fluctuations around their average val-
ues are small. We can then write

ĤMFT = Ĥbath + Beff
I Ŝz

I + Beff
0 Ŝz

0, (C9)

where the effective fields are Beff
I = BI + Jz〈Ŝz

0〉 and Beff
0 =

B0 + Jz〈Ŝz
I 〉. Since the impurity and bath only communicate to

each other through their average magnetizations in mean-field
theory, we can treat them as independent systems subject to
the self-consistency condition

〈
Ŝz

I

〉 = −1

2
tanh

(
BI + Jz

〈
Ŝz

0

〉
2T

)
, (C10)

〈
Ŝz

0

〉 = 1

2
[〈n̂0↑〉 − 〈n̂0↓〉]. (C11)

Here 〈Ŝz
0〉 depends on 〈Ŝz

I 〉 through the effective boundary field
acting on the bath Beff

0 .
We again develop a Green’s-function approach to solve the

equations so that we can use any bath DOS of our choos-
ing. For a given free-bath Green’s function G0

00(ω), we can
incorporate the effect of the boundary field through the Dyson
equation [

Gσ
00(ω)

]−1 = [
G0

00(ω)
]−1 − σBeff

0 , (C12)

where σ = ± 1
2 for bath conduction electrons with spins ↑ or

↓. The local spin-resolved occupancy then follows as

〈
n̂0σ

〉 = − 1

π

∫ +∞

−∞
dω f (ω)Im

[
Gσ

00(ω)
]
, (C13)

with f (ω) the Fermi function.
Although a simple approximation, we find by comparison

to the exact solution that in practice the mean-field result is
extremely accurate, especially at larger BI and T . In particular,
the form of Eq. (C10) reveals the rather elegant physical inter-
pretation that the Ising impurity magnetization is essentially
that of a free spin, but with a renormalized effective field
BI → Beff

I . Indeed, in most reasonable cases of interest we find
the renormalization to be small.
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