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Chapter 0
Essentials
0.1 Provisional Course Outline for Semester 1This 
ourse will 
over four broad topi
s� Using R The 
ourse will introdu
e you to the statisti
al pa
k-age R whi
h is freely available and allows students to simplyanalyse data and perform very powerful statisti
al modeling ondata.� Applied linear regression The 
lasses in the �rst semester willfo
us on the 
on
epts and issues in applied linear regression andanalysis of varian
e. How do we estimate a linear regressionline? How do we interpret the results? How do we know what isstatisti
ally signi�
ant? How do we perform diagnosti
 analysison the regression results? Although this part of the 
oursewill be primarily theoreti
al, with limited appli
ation in R, theamount of mathemati
s will be low.iii



� Time Series Analysis Mu
h e
onomi
 and �nan
ial data is inthe form of time series. Ordinary regression 
annot be used toanalyse su
h data. We will introdu
e some basi
 
on
epts inTime Series Analysis.� Generalized Linear Models The last part of the 
ourse will bedevoted to models where the linear regression model is not ap-propriate for example when dealing with 
ategori
al dependentvariables. (When the dependent variable is binary (e.g. did ordid not vote in an ele
tion) or has multiple 
ategories (e.g.party voted for), linear regression leads to additional 
ompli-
ations, for whi
h various solutions are available.)More Detailed Course Des
riptionSimple Linear Regression� Bivariate Data: Correlation, Causal Relationships, Simple Lin-ear Regression Model� Prin
iple of Least Squares, Partitioning Total Variability� Hypothesis Testing and ANOVA in the Simple Linear Regres-sion Model� Measures of Goodness of Fit: R2, CoeÆ
ient of Variation� Residual Analysis� Con�den
e Intervals and Predi
tion Intervalsiv



Multiple Linear Regression� Multiple Linear Regression, Proje
tion Matrix, PartitioningTotal Variability� Polynomial Regression, Intera
tion Terms, Qualitative Dataand Dummy Variables� Hypothesis Testing and ANOVA� Con�den
e Intervals and Predi
tion Intervals� Goodness of Fit and Choi
e of Best Model� Residual Analysis and In
uen
e Diagnosti
sTime Series AnalysisWe will provide a basi
 introdu
tion to ARIMAmodeling.Some of the following Generalised Linear Models will be dis
ussed:� Binary Logisti
 Regression (logit) After 
onsidering regressionmodels in whi
h the dependent variable is 
ontinuous, the mod-ule will turn to regression when the depende� Multinomial regression I The material will introdu
e regres-sion te
hniques when the dependent variable is nominal andhas more than two 
ategories. The session will fo
us on thede�nition of the model and interpretation of the regression 
o-eÆ
ients. v



� Multinomial regression II To 
ontinue the analysis of multi-nomial regression models, the session will fo
us on hypothesistesting and �tting probabilities.� Ordinal regression There are di�erent te
hniques if the depen-dent variable is ordinal and has more than two 
ategories.� Nonlinear Regression This session on regression will introdu
eregression models than 
annot be �tted to a linear fun
tion ofthe explanatory variables.� Poisson Regression The module will then turn to regressionmodels for whi
h the dependent variable represents the fre-quen
y of some event (i.e.
ounts).nt variable is di
hotomous.0.2 AssessmentA proje
t will be assigned at the end of the �rst 6 weeks of this
ourse whi
h will be due for 
ompletion in the Se
ond Semester(see syllabus).0.3 TimetableLECTURES:3.00 to 5.00 Thursdays N302. vi
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0.4 BooksNew Cambridge Elementary Statisti
al TablesKutner, Na
htsheim, Neter Applied Linear Regression Models??Myers Classi
al and Modern Regression with Appli
ations??Verzani Using R for Introdu
tory Statisti
s??0.5 PrerequisitesStudents should be familiar with the 
ontent of the 
ourse Intro-du
tion to Quantitative Methods.� Prin
iples of Inferential Statisti
s� Hypothesis Testing: Prin
iples, Errors, P-Values� Con�den
e Intervals� Correlation0.6 Le
ture Notes and Textbooks� The le
ture notes will only provide an outline of the material
overed in the 
ourse.� They are not intended to stand alone but instead should be sup-plemented by reading appropriate 
hapters in the text books.viii



� Extra material in the form of explanations, examples and demon-strations will be given in 
lass and these form an integral partof the 
ourse.0.7 SoftwareAlthough the 
ourse will fo
us on the theory and main 
on
eptsand issues in applied regression analysis, you will also learn how touse the statisti
al software pa
kage R, whi
h is freely available athttp://www.r-proje
t.org. You should download and install this athome, so you 
an get as mu
h hands-on pra
ti
e as possible.

ix



Chapter 1
Revision of Introdu
toryQuantitative Methods
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Chapter 2
Simple Linear Regression
2.1 Notation and De�nitionsWe de�ne the following Sums of Squares:SSXY = X(X �X)(Y � Y ) (2.1)SSXX = X(X �X)2 (2.2)SSTOTAL = SSY Y = X(Y � Y )2 (2.3)2.2 Are two variables related?Consider the problem of establishing whether a relationship existsbetween two variables X and Y . One way to establish if a relation-ship is present is to draw a s
atter plot su
h as in �gures 2.2 and2.2. Clearly X and Y are related in Figure 2.2 but not related inFigure 2.2.An alternative way to 
he
k for the presen
e of a linear relationship2
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Figure 2.1: Plot showing relationship between two variables
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Figure 2.2: Plot showing no relationship between two variablesin data set is to 
al
ulate Pearson's Sample Correlation CoeÆ
ientfor the data set in question. 3



Pearson's Sample Correlation CoeÆ
ient:r = SSXYpSSXXSSY Y (2.4)� Values of r 
lose to +1 indi
ate a positive linear relationshipbetween X and Y .� Values 
lose to �1 indi
ate a negative linear relationship be-tween X and Y .� Values 
lose to 0 indi
ate no linear relationship between X andY . There may however be a non-linear relationship between Xand Y .The sample 
orrelation 
oeÆ
ient tells us information about thesample whi
h we have 
hosen. If we wish to know something aboutthe relationship between X and Y in the Population then we needto 
onsider the True Population Correlation CoeÆ
ient �.Although we don't know � we may use r as an estimator of � and sowe may use r to 
ondu
t hypothesis tests and 
onstru
t 
on�den
eintervals for �.For instan
e we may test the hypotheses that there is a linear rela-tionship between X and Y , namely:H0 : � = 0 (2.5)HA : � 6= 0 (2.6)4



using the test statisti
 t = rr n� 21� r2 (2.7)whi
h follows a t-distribution with n� 2 degrees of freedom.QUESTION: Is there a 
orrelation between Shoe Size andWaist Size in Human Beings?2.3 Simple Linear Regression ModelRe
all that Correlation does not imply Causation. However some-times 
ausation really is present. In this 
ourse we will be 
on-sidering su
h situations where there is a relationship between two(or more) variables. In this 
ase, 
hanges in one variable CAUSE
hanges in the other variable and there is a de�nite 
ausal dire
tionto the pro
ess.In our notation Y will represent our DEPENDENT (Response) vari-able andX will represent our INDEPENDENT (Predi
tor) variable.We maymodel the relationship between the observations (data) thatwe make of ea
h variable, Xi and Yi, using the general regressionmodel: Yi = f(Xi) + �i; (2.8)5



where f is a fun
tion of Xi and � is an error term.The simplest possible model is where we let f be just a linear fun
-tion of X, so that equation 2.8 be
omesYi = �0 + �1Xi + �i: (2.9)This model is 
alled the Simple Linear Regression Model, it will bethe fo
us of our attention for the remainder of this 
hapter.The model indi
ates that there is a relationship between X and Yand that every value of Yi 
an be predi
ted on
e we know Xi. Ourpredi
tions are not exa
t however as there is an error term �i presentin the model.We make some assumptions about the error terms �i.� We assume that the errors have mean zero. That is we assumethat we are just as likely to underestimate Y as to overestimateY .� We assume that the errors �i are independent of ea
h other.That is we assume that the error at Xi does not depend on theerror at other values of X.� We assume that the errors are all distributed a

ording to theNormal Distribution.� We assume that the varian
e of the error terms �i are the samefor all values of i and that the varian
e is �26



So we are saying that the error terms are random and if we have agood model, then the �rst part of the model:Yi = �0 + �1Xiexplains all of the relationship between X and Y with just random
u
tuations remaining to be explained by �i.We also assume that the X values are NOT RANDOM. They are�xed known values and all of the randomness is in Y .The Model des
ribes a relationship whi
h holds true for all pairs ofobservations (Xi; Yi) in the entire population. The model 
ontainstwo unknown POPULATION PARAMETERS �0 and �1.Given a data set 
onsisting of a set of observations(X1; Y1); (X2; Y2); : : : ; (XN ; YN)we wish to �nd our best estimate for equation 2.9. Or more par-ti
ularly we wish to �nd our best estimates for �0 and �1. We mayvisualise the task involved using the following plots.

7
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Figure 2.3: Plot of Stopping Distan
e versus Speed for Cars (1920s)
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Figure 2.4: Plot of Stopping Distan
e versus Speed for Cars with Possible FittedLines (1920s)
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Figure 2.5: Plot of Stopping Distan
e versus Speed for Cars with Least SquaresLine (1920s)
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2.4 Least Squares LineSo to re
ap, we believe that there is a relationship (Equation 2.9)between X and Y whi
h holds true for the entire population of Xand Y values: Yi = �0 + �1Xi + �i:If we 
ould measure all of the values of X and Y in the populationwe 
ould 
ompute this equation exa
tly. However, usually we onlyhave a

ess to a sample of X and Y pairs. So our task is to estimateEquation 2.9 from that sample data. The method that we 
hooseto use to estimate the "best �tting line" is 
alled Least Squares.Figure 2.3 displays the Least Squares Line. This line is 
al
ulatedby 
hoosing estimates for the parameter values �0 and �1 whi
hminimise the Error Sum of Squares (sum of the squared distan
esfrom ea
h point to the line):SSE =X(�i)2 =X(Yi � �0 + �1Xi)2: (2.10)SSE is also known as the Residual Sum of Squares or Devian
e.The values that we get for the parameters using this pro
ess are
11




alled the Least Squares Estimates:b�1 = SSXYSSXX (2.11)b�0 = Y � b�1X: (2.12)These estimators are unbiased:E(b�0) = �0 (2.13)E(b�1) = �1: (2.14)These equations tell us that if we 
ompute estimates for the twoparameters for all possible samples of X and Y pairs from the pop-ulation and if we average these sample estimates then the averageswill 
orrespond to the true population parameters.These allow us to 
ompute an estimate a value for Y for a givenvalue of X namely: bYi = b�0 + b�1Xi (2.15)And the varian
es of the parameter estimates are given by:Var(b�0) = �2 1n + X2SSXX! (2.16)Var(b�1) = �2SXX : (2.17)12



We also note that s2 is an unbiased estimator of �2 (the varian
e ofthe �i error terms. s2 = SSEn� 2: (2.18)2.5 How well does our Model �t?Now that we have a model to des
ribe the relationship between Xand Y we might, after �tting the data to our Least Squares Line,ask ourselves the question: "How good is this Model at explainingthe behaviour of the Y values?" In other words is our model a goodmodel? How good is it?A

ording to our Linear Regression Model most of the variation inY is 
aused by its relationship with X, and this knowledge of Xshould help us in predi
ting Y .This is what we do in the regression model we estimate Y bybYi = b�0 + b�1Xi: (2.19)Ex
ept in the 
ase where all the points lie exa
tly on a straight line(ie where r = +1 or r = �1) the model does not explain all thevariation in y. The amount that is left unexplained by the model isSSE.Consider data where there is no relationship between Y and X:So here the variation in Y is not 
aused by a relationship between13
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Figure 2.6: Plot of bivariate data in whi
h Y does not depend on X. Here thebest estimate for Y is Y irrespe
tive of what the value of X is.X and Y . In this situation the best estimate of Y is the same forall values of X and is given by Y .And the Sum of Squared Deviations of the a
tual Y 's from thispredi
tion would be SSTOTAL = SSY Y =P(Y � Y )2 .So in de
iding whether there is a linear relationship between X andY we 
ould 
ompare the performan
e of bY against Y as estimatorsof Y .1. If little or none of the variation in Y is explained by the 
on-tribution of X then estimating Y using the regression modelwill be no better than estimating it using Y and so SSE willbe almost equal to SSTOTAL.14



2. If all of the variation in Y is explained by its relationship withX then SSE will be zero.2.5.1 The CoeÆ
ient of DeterminationConsider the following quantity, known as the CoeÆ
ient of Deter-mination: R2 = SSTOTAL � SSESSTOTAL : (2.20)Clearly this measures the per
entage of total variation that 
an beexplained by the simple linear regression model. A value of R2 equalto 1 indi
ates that SSE = 0 and so the model has no error and is aperfe
t straight line. If however R2 = 0 then SSE = SSTOTAL andso the model is no good.This 
an be seen more 
learly when we 
onsider that the TotalVariability may be Partitioned as follows:X(Yi � Y )2 =X(bYi � Y )2 +X(Yi � bYi)2 (2.21)
SSTOTAL = SSREG + SSE (2.22)Total Variability in Y =Variability Explained by Regression Model +Unexplained Residual Variability.15



WARNING: EXTREME CARE MUST BE TAKEN ININTERPRETING R2.� R2 depends on the variability in the X values and larger valuesof SSXX will produ
e larger values ofR2. This will happen evenwhen the varian
e of the residuals in the model as measuredby s2 is large.� R2 
an also appear arti�
ially large if the slope of the regressionline is large.� When we 
ome to 
onsider Multiple Linear Regressions wemust be aware that R2 will always de
rease if a model is over-�tted. This in
rease in R2 does not ne
essarily mean the addi-tional term should be in
luded in the model.� A version of R2 
alled the Adjusted R2 makes an attempt to
ompensate for the fa
t that R2 will in
rease with the in
lusionof extra terms in the model. The Adjusted R2 is s
aled by thedegrees of freedom in the model.� How large should R2 be for a good model? It depends on the
ir
umstan
es. So
ial S
ientists will usually be happy withmu
h smaller values of R2 than will "Real" S
ientists.QUESTION: Can we demonstrate how in
reased variabilityin X may in
rease R2? 16



2.5.2 The CoeÆ
ient of VariationAnother measure that is sometimes used to measure how good themodel is at explaining the variability in Y is the CoeÆ
ient of Vari-ation whi
h is the ratio of the estimated standard deviation of theerror terms � to the mean value of Y :CV = 100� sY (2.23)2.6 Hypothesis Testing and ANOVAThe two measures des
ribed in the last se
tion allow us to measurehow well the model �ts the data in our sample. Consider how wemight test whether the model is a good �t for the population of Xand Y values not just for the sample. We may examine how well themodel �ts in the population by performing an Analysis of Varian
e:Sour
e Sum of Squares df Mean Squares FRegression SSREG 1 SSREG=1 F =MSREG=MSERRORError SSE n� 2 SSE=(n� 2)Total SSTOTAL n� 1Table 2.1: ANOVA TABLE FOR SIMPLE LINEAR REGRESSIONIf we reje
t the F test in this ANOVA we 
on
lude that the modelis a good �t in the population.Using the results from earlier (
.f. Equations 2.16 and 2.17) we may17



also perform hypothesis tests on the parameters in the model.To test H0 : �1 = b (2.24)HA : �1 6= b (2.25)we may use the test statisti
t = �1 � bs=pSSXX ; (2.26)whi
h follows a t-distribution with n� 2 degrees of freedom.To test H0 : �0 = a (2.27)HA : �0 6= a (2.28)we may use the test statisti
t = �0 � asq 1n + X2SSXX ; (2.29)whi
h also follows a t-distribution with n� 2 degrees of freedom.Performing the two tests above with a = 0 and b = 0 allow usto determine whether the terms �0 or �1 should be present in ourmodel. 18



If we determine that �1 is not signi�
antly di�erent from zero thenwe would be saying that Y does not depend on X (in a linear fash-ion). Consequently the model is useless for predi
ting Y in terms ofits linear relationship with X. For this reason the hypothesis test:H0 : �1 = 0 (2.30)HA : �1 6= 0 (2.31)is known as the Model Utility Test.2.7 Con�den
e and Predi
tion IntervalsTwo di�erent 
on�den
e intervals are often 
omputed.A 
on�den
e interval for the mean value of Y at a given parti
ularvalue of X (say X0) is given bybY (X0)� t
riti
alss1n + (X0 �X)2SSXX (2.32)A predi
tion interval for a future single observation of Y at a givenparti
ular value of X (say X0) is given bybY (X0)� t
riti
alss1 + 1n + (X0 �X)2SSXX (2.33)
19



2.8 Analysis of Residualsin
uen
e rstandard rstudent dÆts dfbeta dfbetas 
ovratio 
ooks.distan
ehatvalues hat1. Histogram of Residuals (Yi � bYi)We know that the residuals should follow the normal distribu-tion. So one of the 
he
ks that we 
an do to examine if ourmodel is a good �t is to plot a histogram of the residuals andsee if it looks like a normal Histogram.2. Normal Probability Plot (QQ Plot)The QQ plot is a spe
ial plot that allows us to 
he
k if datafollows a parti
ular distribution. In our 
ase we are interestedin 
he
king if the residuals follow a Normal distribution. Sothis plot provides us with an additional tool for 
he
king theNormality of the residuals whi
h we 
an use in 
onjun
tionwith the Histogram mentioned above.3. Plot of Residuals versus �tted values ŶiThis plot allows us to test several other assumptions of themodel. We know that our residuals should all have the samevarian
e �2. Consider the following situations:� If this assumption holds true then the plot should look likeFigure 3. 20



� If however the varian
e of the residuals is not 
onstant butrather varies then we say the model 
ontains Heteros
ed-asity (Non-
onstant varian
e). Figure 3 shows a plot ofresiduals that are Heteros
edasti
.� Figure 3 shows a lot of residuals whi
h indi
ates that themodel that we have used is insuÆ
ient and should havein
luded a 
urvature term su
h as X2.
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Figure 2.7: Plot of residuals versus �tted values showing well behaved residuals.

21



0 10 20 30 40 50

−
30

−
20

−
10

0
10

20

x

y

Figure 2.8: Plot of residuals versus �tted values showing Heteros
edasity in resid-uals.

Figure 2.9: Plot of residuals versus �tted values showing that the model shouldhave in
luded a higher order term to a

ount for 
urvature su
h as X2.
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INSTALL DATA SETS FROM TEXT BOOKinstall.pa
kages("UsingR")SELECT IRELAND MIRROR OR ANY OTHERlibrary(UsingR)galtonbest.timesbabiesFit the Regression Model:regression1=lm(dist speed, data=
ars)Regression CoeÆ
ients, �0 and �1:
oef(regression1)Output from the Regression Model:summary(regression1)ANOVA for Regression Model:anova(regression1)Individual Residuals from the Regression Model:residuals(regression1)Sum of Square for Error (SSE) from Regression Model:devian
e(regression1)Histogram of residuals from Regression Model:hist(residuals(regression1))Other Plots of Residuals from Regression Model:23



par(mfrow=
(2,2))plot(regression1)Predi
tions from the Model:predi
t(regr, interval="
onfiden
e")predi
t(regr, interval="predi
tion")

24



par(mfrow=
(3,2),
ol="yellow")n=rnorm(1000,0,1)hist(n)qqnorm(n)f=rf(1000,10,10)hist(f)qqnorm(f)t=rt(1000,5)hist(t)qqnorm(t)regr=lm(dist~speed, data=
ars)summary(regr)anova(regr)predi
t(regr, interval="
onfiden
e")predi
t(regr, interval="predi
tion")25
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Figure 2.10: Normal Probability Plots for Normal, F and t data
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Chapter 3
Multiple Linear Regression
3.1 De�ning the Multiple Linear RegressionModelIn the previous 
hapter we 
onsidered how to estimate relationshipsbetween two variables X and Y given a sample of data:In this 
hapter we 
onsider a situation where we have one dependentvariable Y but several explanatory variables X1; X2; : : : ; XnAll of our models will be linear in the parameters whi
h are 
on-tained in the model. That is the parameters will not under-go anytransformations while the data may be transformed. The simplestform Multiple Linear Regression Model isY = �0 + �1X1 + �2X2 + : : :+ �kXk + �: (3.1)The errors �i are on
e again independent, identi
ally distributednormal random variables with mean 0 and varian
e 1.Other models we might 
onsider are:27



The Polynomial Regression ModelY = �0 + �1X + �2X2 + : : :+ �kXk + �: (3.2)orA Regression Model with an Intera
tion TermY = �0 + �1X1 + �2X2 + �12X1X2 + �: (3.3)Two Regression Models with Transformed VariablesY = �0 + �1log(X1) + �2log(X2) + : : :+ �klog(Xk) + �: (3.4)
log(Y ) = �0 + �1� 1X1�+ �2� 1X2�+ : : :+ �k � 1Xk�+ �: (3.5)3.2 Similarities betweenMultiple Linear Regres-sion Model and Simple Linear RegressionModelThe exa
t same least squares pro
edure as we used in the SimpleLinear Regression Model is used to estimate the parameters in theMultiple Linear Regression Model. That is we are again trying tominimise the Sum of the Squared Error terms.Just as in the Simple Linear Regression model we 
an 
he
k how28



well our model �ts to the sample data using the CoeÆ
ient of de-termination: R2 = SSTOTAL � SSESSTOTAL : (3.6)where again we have the following relationship between the di�erentsums of squares:X(Yi � Y )2 =X(bYi � Y )2 +X(Yi � bYi)2 (3.7)
SSTOTAL = SSREG + SSE (3.8)Note that in a multiple linear regression 3.1 with the estimator of�2 (the varian
e of �) be
omes�̂2 = SSEn� k � 1 (3.9)whi
h simpli�es to the familiar equation:�̂2 = SSEn� 2 (3.10)in the 
ase with one independent variable X1.

29



3.3 How To Programme Multiple Linear Re-gression in RTry �tting the best regression model you 
an to the data sets womenand trees .1. Y = �0 + �1X1 + �2X2regression=lm(Y~ X1+X2, data =PATRICK)2. Y = �0 + �1X1 + �2X21regression=lm(Y~ 1+ X1+ I(X1^2), data =PATRICK)3. Y = �0 + �1X1 + �2X21regression=lm(Y~ poly(X1,2), data =PATRICK)4. Y = �0 + �1X1X2regression=lm(Y~ X1:X2, data =PATRICK)5. Y = �0 + �1X1 + �2X2 + �3X1X230



regression=lm(Y~ X1*X2, data =PATRICK)6. Y = �0 + �1X1 + �2X21 + �3X1X2regression=lm(Y~ (X1+X2)^2, data =PATRICK)7. log(Y ) = �0 + �1X1 + �2X21 + �3X1X2regression=lm(log(Y)~ (X1+X2)^2, data =PATRICK)3.4 Hypothesis Testing and ANOVA3.4.1 Testing Individual ParametersAs in the Simple Linear Regression Model we 
an perform t-teststo examine whether ea
h individual �i term should be in the modelor not:
H0 : �i = 0 (3.11)HA : �i 6= 0: (3.12)3.4.2 Testing the Overall ModelWe may also perform an overall F test to 
onsider how well themodel �ts. In a model with k parameters �1 to �k plus and inter
ept31



�0: Y = �0 + �1X1 + �2X2 + : : :+ �kXk + �: (3.13)the ANOVA table takes the following form:Sour
e Sum of Squares df Mean Squares FRegression SSREG k SSREG=k F =MSREG=MSERRORError SSE n� 2 SSE=(n� k � 1)Total SSTOTAL n� 1Table 3.1: ANOVA TABLE FOR MULTIPLE LINEAR REGRESSION3.4.3 Extra Sum of Squares Prin
ipleIn addition to these two hypothesis tests whi
h are familiar fromthe Simple Linear Regression Model, in the Multiple Linear Regres-sion Model we may also perform an additional test whi
h 
omparesNESTED models. Consider the two models:Y = �0 + �1X1 + �2X2 + : : :+ �kXk + �; (3.14)
Y = �0 + �1X1 + �2X2 + : : :+ �kXk + : : :+ �k+pXk+p + �: (3.15)By 
omparing the values of SSE for these two models we 
an 
on-stru
t a hypothesis test to see if the larger model is a signi�
antlybetter �t. 32



If SSE(k + p) is the Error Sum of Squares for the larger model(3.15) and if SSE(k) is the Error Sum of Squares for the smallermodel (3.14) then we 
all the di�eren
eSSE(k)� SSE(k + p) (3.16)the Extra Sum of Squares.Using this Extra Sum of Squares we 
an 
onstru
t an F test statisti
(3.19) to test that the bigger model is a better �t or more spe
i�
allyto test
H0 : �k+1 = �k+2 = : : : = �k+p = 0 (3.17)HA : at least one of �i 6= 0 for i � k + 1: (3.18)

F = (RSS(k)� RSS(k + p))=pRSS(k + p)=(n� k � p� 1) (3.19)To 
ondu
t this test in R we �rst �t the two modelsregression1 = lm(Y � X1 +X2 + : : :+Xk)regression2 = lm(Y � X1 +X2 + : : :+Xk + : : :+Xk+pthen we use the 
ommand:
33



anova(regression1; regression2)to perform the F-test.3.5 Goodness of Fit and Choi
e of Best ModelWe may use the CoeÆ
ient of Determination, the ANOVA F-testand Extra Sum of Squares test to establish whi
h of our models isthe "best" model.3.6 Multi
ollinearityMultiple Regressions 
an perform badly if the predi
tor variablesare not linearly independent. In a sense, if the predi
tor variablesare 
orrelated with ea
h other then they stop a
ting as independent(and hen
e good) predi
tors. If this multi
ollinearity is presentthen the varian
es of the estimates of the 
oeÆ
ients (�̂i are in
atedbeyond what they would be if this multi
ollinearity was not present.In other words the parameter estimates are mu
h more un
ertainthan they should be.
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3.7 Fa
tors: Qualitative Predi
tor VariablesConsider trying to �t a model to predi
t a person's height at 21years of age on the basis of their height as a 1 year old. Clearly forsu
h a model the gender of the individual is important so that wewould like a model that looks something like:AdultHeight = �0 + �1HeightAge1 + �2Gender + �Or 
onsider modelling the salary of an individual on the basis of theyears that they have been employed and the type of job that theyhave. salary = �0 + �1Y earsEmployed + �2TypeOfJob+ �In the examples above the two variables "Gender" and "Type ofJob" are both Qualitative or Categori
al variables.When we try to run a regression involving these Qualitative vari-ables we must be 
areful and treat them somewhat di�erently thanNumeri
al Variables.In parti
ular when in
luding a 
ategori
al variable in the lm expres-sion in R we must en
lose that variable in the expression "fa
tor()".So if Y is our response variable andX1 is a numeri
al predi
tor vari-able and X2 is a 
ategori
al predi
tor variable then we use the R
ommand: 35



lm(Y � X1 + fa
tor(X2)):Consider:
plot(wt � wt1; data = babies; p
h = smoke; subset = wt1 < 800)

regression = lm(wt � wt1+fa
tor(smoke); data = babies; subset = wt1 < 800)
summary(regression)3.8 Residual Analysis and In
uen
e Diagnosti
sTo 
onsider how well our model �ts the data we need to examinehow well the residuals from our model satisfy the assumptions thatwe pla
ed on the error terms �. To test these assumptions we mayuse the exa
t same plots and te
hniques that we used in SimpleLinear Regression.There are also other more sophisti
ated ways to examine the be-haviour of residuals whi
h will be 
onsidered later in this 
ourse.These methods in
lude: 36



1. Studentised Residuals2. PRESS Residuals3. Partial Regression Plots (Added Variable Plots)4. Component Plus Residual Plots (Partial Residual Plots)5. Augmented Partial Residual Plots6. Outliers7. In
uential Points - DFFITS, DFBETAS, Cook's Distan
e
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Chapter 4
Reading Data into R
We 
an read data in dire
tly from the 
ommand line:x=
(2,4,6,8,10,12,14,16,18,20)x[1℄x[3℄We 
an read bigger data sets in using the s
an 
ommand:
x=s
an('C:/OSPAR_TREND_DETECTION/AQM_data.txt',skip=1)x= matrix(x,n
ol=7,byrow=TRUE)The s
an 
ommand works with Tab-Spa
e delimited text �les. Al-ways save Ex
el �les as Tab-Spa
e delimited text �les and then usethe s
an 
ommand to read them into R.38


