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The Cauchy-Schwarz Inequality:

For any real numbers
ay,as,...,a, and by,by,...,0,

we have

(a4 a3+ +a’)(b]+b3+---+b2) > (arby + asby + . .. ayby)?

ap az an

with equality if and only if b T



Proof. Consider the quantity

F(x) = (a12—by)*+(asr—by)*+ - -+(anz—b,)* >0 forall z € R.
Expanding the brackets we have

F(z) = (aj+a3+- - -+a?)x*—2(a1boFasba+. . . ayb,)w+(bi+b3+ - -+b2),
that is,

F(r)=Ax* —2Bx +(C >0 forallz € R,

where
9

A=al+a3+ - +a,
B = ajby + ashy + ... a,b,,
C=b+b34---+ 2.

This implies that (2B)% —4AC < 0 which yields AC > B?. Hence

(af+ a5+ +a )b+ b5+ +b2) > (arby+ agby + . .. ayby).

The equality holds when there exists € R such that F'(x) = 0 so

mr—by=ax —by=---=a,xr—0b, =0,

. . : ai an an,
which implies 1 = — = — =

bl_b_2_.“ bn
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Problem 1. Prove that for any real numbers a1, a9, ..., a, we

have

n(a? +a3+---+a?) > (g +ay+...a,)°%

Solution: Apply Cauchy-Schwarz inequality with by = by = --- =
b, = 1.



Problem 2. (Stanford Maths Tournament 2022)
Let x,y, z be real numbers such that 22 + 2y + 32> = 96. Find

the maximum and the minimum of x + 2y + 3z.

Solution: By the Cauchy-Schwarz inequality:

(CL% + CL% + a%)(b% + bg + b%) > (a1b1 + a9bs + CL3b3>2

ai as as
— = — = —. We ask ourselves how to
by by b3

apply the above inequality so as to get

with equality if and only if

( )(2? + 2% + 32%) > (x4 2y + 32)%
We identify
(14+2+3) (2% + 2% +32%) > (v + 2y + 32)%
Hence
6 x 96 > (z+ 2y +32)* = (x + 2y + 32)? < 247
Hence
x4+ 2y+32)| <24 = —24 <z +2y+ 32 < 24.
The equality holds if
x? _ 2y 322

2 2 2
= T =2 ] =yl = |4

The maximum of x + 2y + 3z is 24 and occurs for v =y = z = 4.

The minimum of x4 2y + 3z is -24 and occurs for x =y = z = —4.



Problem 3. (Dublin Area Selection Test 2015)

Let x, vy, z, w > 0 and suppose that xyzw = 16. Show that

2 2 2 2
€T Z w
Y > 4

+ + + =
r+y yYy+z z4+w w+x

with equality only when x =y =2 = w = 2.
Solution: The Cauchy inequality gives

2 2 2 2

x Y 2z w
+ + + | —/—— X

((N/:H—y) <\/y+z> (\/z+w> ( w+x> >

(Ve +y)’+(Vy+ 27+ Wz +w)?+ (Vw+1))

_|_

> (

y+z+wﬂ

with equality only when x = y = z = w. This simplifies to:

$2 2 2 2
Y z w 9
( + + + )-2(x+y+z+w) > (z4y+ztw)
r+y yYy+z z4+w w+cx

and hence
) 2 2 2
x z w r+vy—+z+w
+-2 4 + i .
r+y y+z z4+w w+Hx 2

Applying the AM-GM to the right-hand term gives
2 2 2 2
( u + Y + © + i ) > 2/ ryzw

r+y yYy+z z+w w+x
with equality only when x = y = 2z = w. Since zyzw = 16, the

result follows at once.
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Problem 3. Prove that for any real numbers a1, as, . .., a, and for

any positive numbers x1, xo, ..., z, we have
2 2 2 2
a a a ayt+ax+---+a
_1_|__+..._|__”2(1 2 n)
r1 9 T r1+To+ - +Iy
Solution: Apply Cauchy-Schwarz inequality for a1, as, ..., a, and

blzmabQZ\/@a"'abn:\/?n-

Note. We could also use Induction Principle over the number n > 2

to prove this result.



Problem 4. (IMO 1995)

Let a, b, c be three postive numbers such that abc = 1.

Prove that

1 1 1
a3(b+ c) " b3(c+ a) - cla+b)

3
> —.
— 2

Solution: Denote x =1 y =1 and 2 = 1.
a b c

Since abc = 1 we have xyz = 1 and our inequality to prove becomes

That is (because zyz =1
z? y? 22 3
+ + 2
y+z z4+x x+y 2

Apply Cauchy-Schwarz inequality for

Thus,
(a% + CLS + a%)(b% + b% + bg) > (a161 + asby + CL3()3)2

becomes
) 9 2
€T z
( T A
y+z z+zxr xT+Y

)-2($+y+z)23(x+y+z).

which simplifies to (1).
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Problem 5. (Iran Math Olympiad 1998)
Let z,y, 2 > 1 be such that i—l—i—l—% = 2.

Prove that
vVit+y+z>2ve—1++/y—1++vz—-1
—1 —1 —1
Solution: Note that v + J + : = 1.
T Yy z

Apply Cauchy-Schwarz inequality for

x—1 jy —1 z—1
VY

7

Hence

r—1 y—1 2—-1 2
(:1:+y+z)( " + v + . )2(\/35—1—|—\/y—1+\/z—1),
o)

vVit+y+z>2ve—14+\/y—1+vVz—-1.
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Problem 6.
Let a,b,c > 0 be such that

1 1 1
+ + > 1.
a+b+1 b+c+1 c+a+1"

Prove that

Solution: Apply CaﬂcJﬁﬁSEﬁw%r?l?nJéqufaqubr
a=+a, ay=vb, az=1
b =+a, by=+/c, b3=c

We find
(a+b+1)(a+b+c?) > (a+b+c)
that is, 1 a+b+c
< .
a+b+17" (a+b+c)?
Similarly,
2 2
1 < a“+b+c nd 1 < a+b +c.
b+c+17~ (a+b+c)? ct+a+17 (a+b+c)?

Adding up these last three inequalities and using our hypothesis we
find
1 1 1 242+ +2
| < N N <@ +b0"+c+2a+b+c)
a+b+1 b+ec+1 ct+a+1 (a+b+c)?

)

SO
a’+b ++20a+b+c) > (a+b+c),

which yields a + b+ ¢ > ab + bc + ca.
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Problem 7. (German Math Olympiad)
Let n > 2 and x1,29,...,x, be positive numbers with sum S.

Prove that

I . I X i In > n
S—x1 S—ux S—xz, n-—1

Solution: Apply Cauchy-Schwarz inequality for

I L9 Iy

a] = , Qg = N

! S — x : S — x9 " S —x,
b1: \/331(3—331), bQZ\/ﬁEQ(S—QZ’Q), cee bn:\/xn(S—xn)
Note that
2 2 2 Iy T9 T
a;t+as+---+a, = + + -+
L 2 "S-z S—mx S —x,

b+ b5+ -+ b2 =21(S — 21) + 29(S — 29) + - + 2,(S — 1)
=S +ag+--dw,) — (2F Fa5+- -+ 22)
=S -T,

whereT:x%+x%+---+x%. Also, a1by + asby + ...a,b, = S

Thus, by Cauchy-Schwarz inequality we find

T ) Tp )

2
T
(5 )(S—x1+5—x2+ +S—xn

Hence
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2 n
It remains to prove that > or even
P S2—T ~—n-—1

nT > S* < n(i+a5+ - +a5) > (1 + 22+ +13,)°

This last inequality follows again from the Cauchy-Schwarz ineq

applied to



