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Abstract
The theoretical foundation of quantum sensing is rooted in the Cramér–Rao formalism, which
establishes quantitative precision bounds for a given quantum probe. In many practical scenarios,
where more than one parameter is unknown, themulti-parameter Cramér–Rao bound (CRB)
applies. Since this is a matrix inequality involving the inverse of the quantum Fisher information
matrix (QFIM), the formalism breaks down when the QFIM is singular. In this paper, we examine
the physical origins of such singularities, showing that they result from an over-parameterization
on the metrological level. This is itself caused by emergentmetrological symmetries, whereby the
same set of measurement outcomes are obtained for different combinations of system paramet-
ers. Although the number of effective parameters is equal to the number of non-zero QFIM eigen-
values, the Cramér–Rao formalism typically does not provide information about the effective
parameter encoding. Instead, we demonstrate through a series of concrete examples that Bayesian
estimation can provide deep insights. In particular, the metrological symmetries appear in the
Bayesian posterior distribution as lines of persistent likelihood running through the space of
unknown parameters. These lines are contour lines of the effective parameters which, through
suitable parameter transformations, can be estimated and follow their own effective CRBs.

1. Introduction

Fundamental scientific advances are often facilitated by breakthroughs in calibration and readout tech-
niques that increase the measurement precision of sensors. Quantum sensing is a prime example in
which quantum features, such as entanglement [1–4], squeezing [5–8] and criticality [9–20], are har-
nessed to enhance the precision of parameter estimation well beyond the capacity of their classical coun-
terparts [21–23]. Quantum sensors have now been developed in various physical platforms such as
optical setups [24–26], ion-trap systems [27], cold Bosonic atoms [28], nitrogen vacancy centers [29],
superconducting qubits [30, 31], nuclear magnetic resonance systems [32], and Rydberg atomic sys-
tems [33]. More recently, nanoelectronic devices have been put forward as a promising alternative [34,
35], since complex many-body states of quantum matter can be engineered in such systems [36, 37],
including nontrivial critical points [38, 39], that could be leveraged for sensing. Quantum sensors
are now used to search for elementary particles [40, 41], measuring fundamental constants of the
Universe [42], developing ultra-precise clocks [43, 44], thermometry [45–54], biological inter-cell monit-
oring [55] and measuring electric [33, 56], magnetic [57–61] or gravitational fields [62–66] with unpre-
cedented precision. The theoretical basis for quantum sensing is rooted in the Cramér–Rao inequality,
which establishes fundamental limits on the achievable precision of quantum sensors [67, 68]. This
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framework provides a complete understanding of single-parameter sensing, delivering a tight, saturable
bound on precision as well as a systematic approach for identifying the optimal measurement basis that
achieves this bound, see [69] for a detailed review.

However in many practical situations, there is uncertainty in more than just one parameter, and
then the multi-parameter estimation framework must be used instead [68, 69]. This has several import-
ant consequences that must be taken into account when designing the metrological strategy. Typically
the precision of quantum sensing for a given parameter is negatively affected by uncertainty in other
parameters [70]. This is still captured by the Cramér–Rao formalism, but it becomes considerably more
complex for multi-parameter sensing. The precision is quantified by a covariance matrix whose elements
describe the interdependence of the estimated parameters. When the measurement setup is specified, the
Cramér–Rao formalism bounds the covariance matrix by the inverse of the classical Fisher information
matrix (CFIM), F̂ . The lowest possible bound is then given by optimizing over all possible measure-
ments. The Cramér–Rao bound (CRB) is then provided by the inverse of the quantum Fisher informa-
tion matrix (QFIM), Î . Because the CRB is a matrix inequality in the case of multi-parameter estima-
tion, the bounds for different parameters are often not simultaneously saturable. This happens when the
optimal measurements for different parameters do not commute. This issue, also known as measurement
incompatibility, has recently been the subject of intense study [71–79].

However, another (but much less well studied) aspect of multi-parameter quantum sensing is the
possibility that the Fisher information matrices may become singular—that is, not invertible. In fact,
this scenario is not uncommon [80]. In such a case, the Cramér–Rao formalism breaks down and the
multi-parameter CRB, which involves the matrix inverse of the CFIM or QFIM, becomes undefined. The
CFIM can be singular even when the QFIM is not singular. This happens when the measurement setup
is incomplete [81]. However, this problem can in principle always be overcome by simply changing the
measurement basis, switching to POVMs, or exploiting sequential projective measurements [82].

The singularity of the QFIM, however, presents a far more fundamental challenge, since this implies
that the CFIM must also be singular for all possible measurement settings. We show in this paper that
the QFIM becomes singular when even optimal measurements cannot distinguish between systems
with different sets of the unknown parameters. The statistical models constructed using the measure-
ment data are in such cases identical, and this ambiguity spoils the standard estimation strategy. The
QFIM singularity implies a ‘metrological symmetry’ in which the set of measurement outcomes are
asymptotically invariant to certain transformations of system parameters. This arises due to an effect-
ive over-parameterization on the metrological level; this can happen even when the quantum state used
for estimation has no such over-parameterization. We show that the number of non-zero eigenvalues of
the QFIM is equal to the number of effective parameters, whereas the zero eigenvalues correspond to
constraints that give rise to the metrological symmetries. However, the effective parameter encoding and
the effective CRBs for these parameters is extremely challenging to extract from a singular QFIM.

We therefore turn to Bayesian estimation, and show that not only are unambiguous signatures of
QFIM singularities immediately obvious in the multinomial posterior distribution, but that detailed
information about the effective parameter encoding and metrological symmetries can be straightfor-
wardly read off. This information can be used to perform a re-parameterization (which is in general a
non-linear coordinate transformation), for which the marginalized probability distributions of effective
parameters tend to Gaussian and follow effective CRB scaling. The values of the effective parameters can
therefore be reliably estimated within the Bayesian strategy, even for singular multi-parameter problems.

This is illustrated in figure 1, where we compare the Bayesian posterior distribution for estimation
of two parameters θ1 and θ2 after M= 100, 300 and 1000 measurements (left to right) for the standard
non-singular case (upper panels) and a situation where the QFIM is singular (lower panels). The specific
example shown is for the Heisenberg trimer model (see appendix A) but the qualitative behavior is very
generic. In the non-singular case, the posterior converges to a unique point in parameter space as more
data are collected, corresponding to the true values of the unknown parameters. By contrast, for a sin-
gular system a persistent line of high likelihood emerges. This line encodes the metrological symmetry:
the line passes through the true value of the parameters, but measurements cannot distinguish systems
with different parameter values that lie along this line. The line itself sharpens up as more data are col-
lected, and converges to a contour line of the effective parameter. The effective parameter can therefore
be estimated, with a precision that follows an effective CRB.

In this paper we examine the physical origins of QFIM singularities, discuss their connection to met-
rological symmetries, and show how Bayesian estimation can be used to uncover these metrological sym-
metries. We show through concrete examples that the functional dependence of effective parameters on
the original parameters can be extracted, and that these effective parameters can be reliably estimated.
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Figure 1. Illustration contrasting Bayesian estimation for singular vs non-singular multi-parameter metrological problems. We
show typical posterior distributions afterM= 100, 300 and 1000 measurements, with the non-singular case (top panels) con-
verging to a point in the space of unknown parameters θ1 and θ2; whereas in the singular case (bottom panels) the distribution
converges instead to a line, encoding an effective metrological symmetry. The example shown is for the Heisenberg trimer, see
appendix A for further details.

2. Parameter estimation

In this section, we provide a brief review of quantum estimation theory using equilibrium probes, such
as parameterized ground states, steady states, and thermal states [9–12, 83]. We focus on two different
techniques to analyze quantum sensing problems, the frequentist and Bayesian approaches, and show
how the two are connected through the Bernstein–von Mises (BVM) theorem [84, 85]. We highlight key
results that will be used throughout the rest of the paper, however readers who are already familiar with
these methodologies may wish to proceed directly to section 3.

2.1. Frequentist approach
The most general quantum sensing scenario arises when there is a set of d unknown parameters θ⃗ =
(θ1,θ2, . . .,θd) to be estimated through suitable measurements of a quantum probe. Information about

these parameters is imprinted on the state of the probe, described by the density matrix ϱ̂
(
θ⃗
)
. For a

given set of POVMs {Πk}, the uncertainty of inferring the set of parameters from M measurements on
the probe is set by the CRB [67–69],

Cov
[
ˆ⃗
θ
]
⩾ 1

M
F̂−1 , (1)

where Cov[
ˆ⃗
θ] represents the covariance matrix whose elements are given by Cov(θi,θj)=〈(θi−〈θi 〉)

(θj−〈θj〉)〉 and F̂ is the CFIM whose elements are given by,

F̂ i,j = E
[(
∂θi lnp

(
xk | θ⃗

))(
∂θj lnp

(
xk | θ⃗

))]
, (2)

where p(xk|θ⃗) denotes the probability of obtaining measurement outcome xk conditioned on the para-
meters having a value θ⃗ through the Born rule p(xk|θ⃗) = TrΠkϱ̂(θ⃗).

The QFIM Î is obtained by maximizing over all possible POVMs. Its elements can be expressed in
terms of the symmetric logarithmic derivative (SLD) operators as [68],

Î i,j =
1
2Tr
(
ϱ̂
{
L̂i, L̂j

})
≡ Tr

(
L̂j∂θi ϱ̂

(
θ⃗
))

≡−Tr
(
ϱ̂
(
θ⃗
)
∂θi L̂j

)
, (3)

where L̂i the SLD operator for parameter θi. Formally, the SLD is implicitly defined by the solution of
the self-adjoint operator equation,

∂θi ϱ̂
(
θ⃗
)
=

1

2

(
L̂i ϱ̂
(
θ⃗
)
+ ϱ̂
(
θ⃗
)
L̂i
)
. (4)

We note that diagonal elements of the QFIM are identical to the single parameter QFIs, Î i,i≡I (θi)
while the off-diagonal elements encode correlations between measurements. The QFIM is a real-
symmetric, positive-semidefinite matrix. Using the spectral decomposition of the density matrix ϱ̂(θ⃗) =

3
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∑
i ei |ei〉〈ei|, elements of the QFIM can be written as,

Ii,j =
∑
k,l

2Re
[
〈ek|∂θi ϱ̂|el〉〈el|∂θj ϱ̂|ek〉

]
ek + el

, (5)

which for pure states ϱ̂= |ψ〉〈ψ| simplifies to

Ii,j = 4Re
[
〈∂θiψ|∂θjψ〉− 〈∂θiψ|ψ〉〈ψ|∂θjψ 〉

]
. (6)

The fundamental attainable precision of multi-parameter estimation is set by the quantum CRB,

Cov
[
ˆ⃗
θ
]
⩾ 1

M
F̂−1 ⩾ 1

M
Î−1 , (7)

which is again a matrix inequality. Similar to single-parameter estimation, saturation of the bound
requires large datasets and assumes local knowledge as well as unbiased estimators. The SLD operator
L̂i corresponds to the optimal measurement to estimate parameter θi. It is in general a complicated
operator and is not necessarily practical from an experimental point of view. This can be seen from the
explicit form of the SLD operators whose matrix elements read [68],

〈ea|L̂i |eb〉= δab
∂θiea
ea

− 2(ea − eb)

ea + eb
〈ea|∂θieb〉 . (8)

For pure states this reduces to L̂i = 2(|ψ 〉〈∂θiψ|+ |∂θiψ〉〈ψ|). In general the bounds are not simul-
taneously saturable for all parameters since the SLD operators L̂i for different parameters θi may be
incompatible [76, 78] and therefore no mutual optimal measurement basis exists. This is known as
measurement incompatibility and is a key factor that potentially prevents the ultimate precision bound
in equation (7) from being saturated in practice. In such scenarios, precision trade-offs are fundament-
ally unavoidable. The necessary and sufficient condition for attainability of the quantum multi-parameter
CRB is that Tr

(
ϱ̂[L̂i, L̂j]

)
= 0 [68]. When this condition is not satisfied and the issue of measurement

incompatibility arises, finding an optimal strategy becomes very challenging [78, 79, 86]. We note that
in these cases one may consider alternative formulations such as the Holevo CRB [87] or the Nagaoka–
Hayashi CRB [88]. All such bounds reduce to the regular quantum multi-parameter CRB when the SLD
operators commute.

Since equation (3) features the anticommutator of SLDs, rather than the commutator, we note that
even when a single optimal measurement basis exists for all parameters and the multi-parameter bound
is saturated, the precision of estimation for a given parameter is still generically lower than that obtained
when performing true single-parameter estimation, due to correlations encoded in the off-diagonal
QFIM elements [19].

Apart from the measurement incompatibility issue, invertibility of the Fisher information matrices
may be a problem for multi-parameter estimation. In the case of an invertible QFIM but a singular
CFIM, the issue is associated to incompleteness of the chosen measurement setup [81]. The solution
is to extend the number of measurement outcomes through either switching from projective measure-
ments to POVMs or by exploiting sequential projective measurements [82]. The singularity of the QFIM
is more dangerous as it directly implies that the CFIM is necessarily singular for all choices of the meas-
urement setup. Indeed, the CRB is only meaningful when the QFIM is invertible, meaning det[Î]> 0.
For the two-parameter estimation problem, this requires,

det
[
Î
]
≡ Ii,iIj,j −Ii,jIj,i > 0 . (9)

When det[Î]=0 the quantum CRB becomes undefined and nothing can be said about the precision
of parameter estimation [19, 70, 80–82, 89–92] of the parameters θ⃗ within this formalism. A singular
QFIM implies that there are no unbiased estimators for θ⃗ with finite variance [93], and therefore a van-
ishing signal-to-noise ratio for parameter estimation. In the later sections of this paper, we explore when
the QFIM becomes singular and how information about the system can nevertheless still be extracted in
such cases. We focus on QFIM singularities in this paper rather than the incompatibility issue. To disen-
tangle the effects, the examples we consider have commuting SLDs and so the QFIM already provides a
full characterization.

4
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2.2. Bayesian approach
Bayesian estimation theory offers a useful and versatile approach to quantum metrology [50, 94–100].
Under standard conditions, asymptotically optimal estimators can be obtained using Bayesian estimation
in the large dataset limit, i.e. when the number of measurements M→∞. Unknown values of target
parameters θ⃗ are treated as well-defined stochastic variables. Information about this set of parameters is
initially assumed to follow a distribution P(θ⃗) called the prior. If no information about the parameters is
initially known, except that they fall in some range θi ∈ [θ min

i ,θ max
i ], then the prior can be taken to be a

uniform distribution P(θ⃗) = Πi (θ
max

i − θ min
i )−1 [101]. Such a distribution indicates our limited a priori

knowledge of the parameters θ⃗. Bayesian estimation as considered here represents a global perspective on
sensing, as opposed to the local one assumed by the frequentist approach [48, 102–107].

For a given set of M measurements, each outcome k appears nk times such that
∑

k nk =M. The
distribution encoding our updated knowledge from the observed measurement data is determined by
Bayes’ theorem,

P
(
θ⃗ | {nk}

)
=

P
(
{nk} | θ⃗

)
P
(
θ⃗
)

P({nk})
, (10)

where the posterior P
(
θ⃗ | {nk}

)
determines the remaining uncertainty about the true parameter values

and represents the conditional distribution of the parameters θ⃗ given the observed measurement data
{nk}. The denominator P({nk}) ensures normalization since the posterior should represent a valid prob-
ability distribution. The likelihood function,

P
(
{nk} | θ⃗

)
=

M!∏
k nk!

∏
k

(
pthk
)nk
,

is a multinomial distribution in the multi-parameter case, computed using the measurement data {nk}.
It represents the conditional probability of obtaining a particular dataset, {nk}, given that the paramet-
ers are θ⃗. Here, nk is the frequency of the specific outcome k, such that pexpk = nk/M is the experimental
likelihood that a given measurement yields outcome k. The theoretical probability of obtaining outcome

k given the parameters have value θ⃗ from a set of POVMs {Π̂k} is given by pthk = Tr
[
ϱ̂(θ⃗)Π̂k

]
. In the

limit of large M, pexpk approaches the theoretical value of pthk . After M measurements, the Bayesian pos-
terior distribution is computed via equation (10) from the prior distribution and the measurement data

{nk}. The prior is then updated, P(θ⃗) 7→ P
(
θ⃗ | {nk}

)
and a new set of measurements can be used to

further improve our knowledge about the unknown parameters.
The Bayesian estimate θ̂i of parameter θi obtained at the end of this process, after M measurements

on the system, is given by the Bayesian average,

θ̂i =

ˆ
dV θiP

(
θ⃗ | {nk}

)
, (11)

where dV= dθ1dθ2. . .dθd is the metrological volume element in parameter space, such that the integral
runs over all unknown parameters. Furthermore, the individual posterior distribution for parameter θi
can be obtained by marginalizing the multinomial distribution over the other unknown parameters,

P(θi | {nk}) =
ˆ

dVi P
(
θ⃗ | {nk}

)
, (12)

where dVi = dV/dθi.
For finite M the variance of the posterior is finite and gives a measure of the precision of the

Bayesian estimator θ̂i,

Var
(
θ̂i

)
=

ˆ
dV θ2i P

(
θ⃗ | {nk}

)
−
[ˆ

dV θiP
(
θ⃗ | {nk}

)]2
. (13)

The variance of the Bayesian estimator obtained in this way is related to the CRB, as discussed in the
following subsection.

5
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2.3. Marrying frequentist with Bayesian: BVM theorem
For non-singular quantum multi-parameter estimation problems, the BVM theorem [84, 85] ensures,
through the central-limit theorem, that the Bayesian posterior distribution equation (10) converges to a
multivariate Gaussian distribution, centered on the true value of the parameters, θ⃗ tr. The width of the
Gaussian reduces as the number of measurements M is increased. In fact, for large M, the covariance

of the posterior Gaussian is given by the quantum multi-parameter CRB [84, 85], Cov[
ˆ⃗
θ] =

[
MÎ

]−1
.

The Bayesian strategy therefore allows the unknown parameters to be extracted precisely and unambigu-
ously in the asymptotic limit, M→∞. Specifically, for large M we have,

P
(
θ⃗ | {nk}

)
'

√√√√Mddet
[
Î
(
θ⃗ tr
)]

(2π)d
exp

−
M
(
θ⃗− θ⃗ tr

)T
Î
(
θ⃗− θ⃗ tr

)
2

 . (14)

The BVM therefore provides the fundamental connection between the Bayesian and frequentist
approaches.

Crucially, the BVM assumes an invertible QFIM, and is inapplicable for singular estimation
problems. In the singular case, the Bayesian posterior distribution generally will not converge to
equation (14). Singularities in the QFIM therefore have deep implications for parameter estimation also
in the Bayesian scenario. However this raises the obvious question: what does the Bayesian posterior
converge to (if it does converge) for problems with a singular QFIM, and what (if anything) can be
learned about the parameters to be estimated from this? These questions are answered in the following.

3. Multi-parameter estimation in the conventional (non-singular) case

Before discussing singular cases and to contextualize our results, here we review the typically-
encountered scenario of multi-parameter sensing in which the QFIM is invertible and thus conventional
sensing strategies are applicable. We demonstrate this in the concrete setting of the XY model,

ĤXY =
N∑

i ,j=1

λij
2

([
1+ γij

]
σ̂i
x σ̂

j
x +
[
1− γij

]
σ̂i
y σ̂

j
y

)
+

N∑
i=1

hσ̂i
z , (15)

which describes a system of N spins- 12 , with arbitrary couplings λij between spins i and j, and spin
anisotropy γij, subject to a magnetic field h along the z-axis. Here σ̂x,y,z denote the usual Pauli operators.

In this section we will study ĤXY in a ring geometry, corresponding to uniform nearest-neighbor
interactions λij ≡ λ and γij ≡ γ for adjacent spins. The system can be mapped to a non-interacting fer-
mionic model via the Jordan–Wigner transformation, and solved exactly [108–110] by Fourier transform
(see appendix B). We consider the (pure) ground state sensitivity to parameter variations to assess met-
rological utility in the multi-parameter case, employing equation (6) to compute the QFIM. We illustrate
our results for system size N=4, but remark that the qualitative behavior is generic and applies for any
N⩾ 4. For N < 4, the fully-connected geometry leads to a singularity of the QFIM, as discussed later in
section 8.

Here we consider the dual estimation of the coupling λ and anisotropy γ in the XY-model on a ring,
assuming that the field h is known. The QFIM for arbitrary N follows as [70],

Îring
λ,γ =

∑
k

16sin2 (k)

ϵ4k

(
h2γ2 hγλ(h+λcosk)

hγλ(h+λcosk) λ2 (h+λcosk)2

)
, (16)

with momentum k= π(2n+ 1)/N for n= 0,1,2, . . . ,
⌊
N
2

⌋
− 1, and dispersion ϵk =

2
√
(h+λcosk)2 +λ2γ2 sin2 k. From this we see that det[Îring

γ,λ]> 0 for all N⩾4 when γ, λ, and h are
nonzero. The invertibility of the QFIM in the ring geometry implies that the parameters λ and γ
are estimable by making measurements on the system, with the optimal precision following the CRB,
equation (7). The finite off-diagonal elements of the QFIM indicate correlations between the measure-
ment outcome statistics for these unknown parameters.

To showcase the success of standard Bayesian estimation for this non-singular problem, we present
numerical results in figure 2. Here we take a fixed known field h= 1 and seek to estimate the value of
the parameters θ⃗ ≡ (λ,γ). The true value of these parameters is taken to be λtr = 0.5 and γtr = 0.6,
arbitrarily chosen. Our observable of choice is the total magnetization, σ̂tot

z =
∑

i σ̂
i
z, and POVMs are

constructed from its eigenbasis. We motivate this choice of measurement by noting that (i) for the N=4

6
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Figure 2.Multi-parameter Bayesian estimation for the non-singular case. We consider joint estimation of λ and γ using the
ground state of the XY model on the ring geometry with N= 4 sites, assuming that the field h= 1 is known. Multinomial pos-
terior distributions afterM= 200 and 10000 measurements are shown in (a), (b), with the white dotted lines denoting the true
parameter values at (λtr,γtr) = (0.5,0.6). Line-plots show the corresponding marginalized univariate distributions for each

parameter. (c) Average estimate λ̂ (black line) and its error (blue shaded region) as a function ofM, averaged over 500 numer-
ical experiments. Red line denotes the true value λtr = 0.5, to which the estimator correctly converges. (d) Inverse variance of
the posterior distribution for λ̂ (black line) vsM compared with the scaling prediction from the CRB equation (7) (orange

dashed line) using the QFIM from equation (16). (e) Full sensitivity phase diagram of posterior varianceMVar
[
λ̂
]
vs λtr and

γtr. Results shown forM= 10000. (f) Analogous sensitivity phase diagram obtained from the CRB. The star point corresponds
to the values used in (a)–(d).

setting considered, the total magnetization constitutes an optimal measurement, i.e.
[
L̂θ, σ̂tot

z

]
=0 with θ

being either λ or γ; and (ii) this observable is an experimentally feasible measurement. The SLDs for the
two parameters are compatible, which means that the corresponding CRBs for each parameter can be
simultaneously saturated by measuring the magnetization. We take our initial prior to be uniform, and
sample over the range 0⩽ θ ⩽ 2 for θ = λ or γ. The prior is updated after ever 100 measurements; the
total number of measurements is M. Experimental data are simulated as a series of randomly-generated
measurement outcomes.

Figures 2(a) and (b) shows the Bayesian multinomial posterior distribution after M= 200 and 10000
measurements, with the associated line plots being the marginalized univariate distributions for each
parameter following equation (12). Importantly, as the number of measurements M is increased, the
posterior converges to a unique point in parameter space, corresponding to the true values of the para-
meters to be estimated θ⃗tr, denoted by the white dotted lines. This is the behavior expected from the
BVM theorem for a non-singular system, with the posterior converging to the multivariate Gaussian in
equation (14). The marginalized distributions are also seen to converge to univariate Gaussian profiles,
with a width that decreases as M increases. As expected, the precision of parameter estimation improves
as more data are collected.

In figure 2(c) the estimated value (Bayesian average) of the coupling λ̂ is plotted (black line) as
a function M. This is obtained from the full posterior distribution at a given M via equation (11).
Also shown as the blue shaded region is the error (signal noise), quantified by the standard deviation
of the posterior. We see that λ̂ converges to the true value λtr at large M and the error decreases.
Furthermore, in panel (d) we plot the (inverse) variance from equation (13) (solid line), comparing with
the prediction from the CRB, equation (7), computed using the QFIM from equation (16). The overall
linear scaling of the Bayesian estimate precision [Var(λ̂)]−1, as well as the rate of precision gain with M,
is in exact agreement with the CRB. This vividly demonstrates the agreement between the frequentist
and Bayesian approaches in the limit of large M.

One can repeat this numerical experiment for each combination of the true parameters θ⃗ tr=
(λtr,γtr), each time performing Bayesian estimation for λ starting from a flat prior, and computing
the resulting variance of the estimators after M measurements. For each point in the parameter space,
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(λtr,γtr), we then compare this variance with that predicted from the CRB via the QFIM for the same
M. The resulting ‘sensitivity phase diagrams’ are shown in figures 2(e) and (f) – Bayesian estimate on
the left, CRB prediction on the right. For M= 10000 measurements as shown, we see excellent quantit-
ative agreement across the majority of the parameter space. Here, black and blue regions denote areas of
high parameter sensitivity, i.e. low variance, whereas a yellow color denotes a low sensitivity, i.e. large
variance (note also the log-scale). Interestingly, the agreement between the CRB prediction and the
Bayesian estimate deteriorates near γ=0 and at smaller values of λ. This is, in fact, expected because the
precision of estimation for the parameter λ given by [Var(λ̂)]−1 is proportional to the QFIM determ-
inant within the frequentist approach and the QFIM determinant in this case vanishes as γ,λ→ 0, see
appendix B. Not only is the sensitivity lower in this region, but Bayesian estimation becomes more chal-
lenging. For any finite QFIM determinant, the Bayesian estimate must converge with a precision given by
the CRB; however the BVM theorem [84, 85] applies only asymptotically in the limit of large M. Our
results show that when the QFIM determinant is finite but small, a larger number of measurements M
is needed in practice to attain the precision bound set by the CRB. Indeed, in regions of the phase dia-
gram where the QFIM determinant vanishes, the inverse cannot be computed; then the CRB and the
BVM theorem no longer apply.

4. QFIM singularities: metrological symmetries and zero eigenvalues

In quantum sensing, measurement data are used to construct statistical models from which the values
of unknown parameters are inferred. One might suppose therefore that if different sets of parameters
asymptotically yield the same statistical model, then this ambiguity could lead to a breakdown in our
ability to reliably estimate parameters from these measurements. From this one might guess that when
measurements cannot distinguish between different sets of parameters θ⃗ and θ⃗ ′, the QFIM becomes sin-
gular. This picture implies a kind of ‘metrological symmetry’ in singular systems, where the metrological
outcome is invariant to the transformation θ⃗→ θ⃗ ′. We therefore have a redundancy in the parameter
encoding, leading to over-parameterization on the metrological level. In such instances the number of
effective parameters is less than the number of original parameters.

A singular QFIM has zero determinant, and therefore at least one eigenvalue must be zero, since
the determinant is the product of the eigenvalues. In fact, whenever the number of effective paramet-
ers is less than the number of bare parameters, at least one zero eigenvalue is guaranteed, and there-
fore the QFIM is indeed necessarily singular. This makes the connection between metrological over-
parameterization and QFIM singularity precise.

As we show below, the number of non-zero QFIM eigenvalues is equal to the number of effective
parameters.

This can be seen from the following argument. Consider a system with d bare parameters θ⃗ to be
estimated. Since the QFIM of these bare parameters is a real symmetric semi-definite matrix, it can
always be diagonalized,

D̂ = ÛT Î
(
θ⃗
)
Û (17)

where Û is a d× d orthogonal matrix and D̂ = diag(G⃗) is a diagonal matrix with k non-zero elements.
Eigenvalue Ga is given by Ga =

∑
i,jUi,aUj,a × Îθi,θj and has corresponding eigenvector u⃗a. Since the

QFIM Î(θ⃗) and the transformation matrix Û(θ⃗) are both functions of the underlying parameters θ⃗,
each zero eigenvalue Ga = 0 constitutes a constraint of the type ha(θ⃗) = 0. Since Û is orthogonal, we
have d− k such independent constraints when we have k non-zero eigenvalues. By the implicit inverse
theorem, each constraint ha(θ⃗) = 0 can in principle be used to eliminate a parameter from the problem,
thus reducing the number of metrological degrees of freedom by one. Therefore, the number of effective
independent parameters in the problem is the number k of non-zero eigenvalues. If k< d the QFIM is
singular.

The natural question then is: what information is contained in the non-zero QFIM eigenvalues and
their eigenvectors?

4.1. Re-parameterization
Consider the general re-parameterization θ⃗→ χ⃗, where each new parameter χa = fa(θ⃗) is a function fa of
the original parameters θ⃗. Here we consider a one-to-one bijective mapping with d original parameters
and d new ones. We now employ the chain rule ∂θi ρ̂= (∇⃗χρ̂) · (∂θi χ⃗), where ∇⃗χ = (∂χ1 ,∂χ2 , . . .) is the
gradient operator in the transformed parameter space of χ⃗, together with equation (5) to write Îθi,θj =

8
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∑
a,b Îχa,χb × (∂θi χa ∂θj χb). Therefore we can write,

Î
(
θ⃗
)
= M̂T Î (χ⃗) M̂ , (18)

where Î(χ⃗) is the QFIM in the transformed parameters and M̂ is the d× d Jacobian matrix with ele-
ments M̂b,j = ∂θj χb. CRBs hold in terms of either set of parameters, Cov[θ⃗]⩾ (MÎ(θ⃗))−1 and Cov[χ⃗]⩾
(MÎ(χ⃗))−1. Equation (18) is therefore consistent with the (linearized) error-propagation formula,

Cov [χ⃗] = M̂Cov
[
θ⃗
]
M̂T . (19)

A special but important case arises when the re-parameterization θ⃗→ χ⃗ brings the QFIM Î(χ⃗) into
diagonal form. In this case, the multi-parameter estimation problem reduces to a set of decoupled effect-
ive single-parameter estimation problems in transformed coordinates.

Despite their apparent similarity, equations (17) and (18) express different concepts. The QFIM
eigenvectors u⃗a in equation (17) constitute a basis satisfying the linear equation Î(θ⃗)⃗ua = Gau⃗a. But since
the QFI depends non-linearly on the underlying parameters θ⃗, the basis of eigenvectors contained in Û
does not directly correspond to the basis of parameters χ⃗ in terms of which the QFIM Î(χ⃗) is diagonal.
Further analysis is required to extract this information. Indeed, we note that it may not always be pos-
sible to find a re-parameterization corresponding to the set of functions {fa(θ⃗)} that yields a fully diag-
onal QFIM. That is, some multiparameter estimation problems may be irreducibly correlated, with no
representation in terms of fully independent effective parameters.

Assuming that a diagonal QFIM Î(χ⃗) can be found, its elements can be compared with the QFIM
eigenvalues by inserting equation (18) into equation (17) to obtain D̂ = (M̂Û)T Î(χ⃗) (M̂Û). Unless for
some reason M̂= Û−1 we see that the QFIM eigenvalues are not just equal to elements of the trans-
formed QFIM, but are linear combinations of these elements. We wish to emphasize that the Jacobian
matrix M̂ is not typically an orthogonal matrix and so it is indeed generally not the case that the QFIM
eigenvalues correspond to effective single-parameter QFIs in some transformed basis.

It is tempting to simply invert equation (18) to obtain Î(χ⃗) = (M̂−1)T Î(θ⃗) M̂−1 and then equate
Î(χ⃗) =D(θ⃗) in equation (17) to give the condition M̂(θ⃗) = Û(θ⃗)−1 and hence ∂θjχb = [Û(θ⃗)−1]b,j.

However, this is in general not possible because the Jacobian M̂ is generally not orthogonal, and also
may not be invertible. Thus, D(θ⃗) does not necessarily have the interpretation as a QFIM in some trans-
formed basis of parameters χ⃗. In the standard multi-parameter case, it is typically a difficult task to find
the encoding {fa(θ⃗)} to a set of transformed parameters in terms of which the QFIM is diagonal (if such
a transformation exists).

4.2. Re-parameterization for singular systems
This has implications for extracting the effective parameters for a singular system from the QFIM. For
a singular QFIM, due to the over-parameterization we have k< d estimable effective parameters Ω⃗ cor-
responding to the non-zero eigenvalues of the QFIM, and d− k> 0 metrologically ‘dark’ parameters Λ⃗
corresponding to the zero eigenvalues. Together Ω⃗ and Λ⃗ comprise the d transformed parameters χ⃗. This
in turn implies that a transformation can be found in which the QFIM takes a block structure, with
the only nonzero elements being those belonging to the parameters Ω⃗. The block corresponding to the
estimable effective parameters Ω⃗ need not be diagonal.

A simplification arises when the general multi-parameter problem has only one nonzero eigenvalue
and hence only one effective parameter Ω (that is, k= 1 with d− 1 zero eigenvalues). In this case it can
be shown that the single non-zero QFIM eigenvalue G1 is given by,

G1 = IΩ ×
(
∇⃗θΩ

)2
, (20)

with IΩ an effective single-parameter QFI. Furthermore, we find a condition on the corresponding
QFIM eigenvector u⃗1 satisfying Î(θ⃗)⃗u1 = G1u⃗1, which can be expressed,

u⃗1 =
∇⃗θΩ

|∇⃗θΩ|
. (21)

For k= 1 the QFIM eigenvector is therefore related to the gradient of the corresponding effective para-
meter. The effective parameter can in this sense be viewed as a kind of metrological ‘potential’ that
sources the QFIM eigenvector ‘field’. We give examples of the relation between the effective parameter
and the corresponding QFIM eigenvector field in appendix A.
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For this case with a single effective parameter, we have d− 1> 0 ‘dark’ parameters Λ⃗ corresponding
to the zero QFIM eigenvalues. These cannot be estimated. They relate to the metrological symmetries
because changing a dark parameter Λj(θ⃗) does not affect the measurement outcomes or our statistical
model on which the estimators are based.

In principle, the QFIM can be diagonalized and then equation (21) can be inverted to extract the
parameter encoding for singular estimation problems; that is, the functional dependence Ω= f(θ⃗).
However, in practice this is extremely difficult, because equation (21) corresponds to a set of coupled
nonlinear partial differential equations. An exact solution for Ω can only be obtained analytically from
equation (21) for the simplest of cases. We highlight examples where this can and cannot be done in the
following sections. We also note that numerical solutions are challenging due to numerical instabilities
and branch-cut subtleties.

The analysis on the level of the QFIM presented above indicates that information about the number
of effective parameters can be straightforwardly obtained, but that constructing the estimator for these
effective parameters is generally not feasible within this approach. Indeed, the analysis becomes consider-
ably more complicated when there are k> 1 effective parameters. For any practical metrological scheme,
one is not only interested in the precision bound for some effective parameter, but also one must know
the encoding that tells us what that parameter actually is in order to construct a viable estimator. This
highlights the limitations of the standard Cramér–Rao formalism for singular multiparameter estimation
problems.

Instead, we shall see that the Bayesian approach gives us direct access to the effective parameters in
singular multiparameter estimation problems and allows us to construct the estimators, without need-
ing to solve equation (21). Furthermore metrological symmetries are vividly visualized, giving physical
insight into the origin of metrological singularities and what information can really be learned from
measurements on such a quantum system.

5. Physical origin of QFIM singularities

As discussed in the previous section, over-parameterization leads to singularities in the QFIM and the
emergence of a reduced set of metrological effective parameters. We now identify three main physical
situations where this occurs.

1. Type 1 over-parameterization: state dependence on effective parameters. In this type of
over-parameterization, the quantum state of the probe depends on a reduced set of effective
parameters and thus symmetries exist in the level of quantum state itself. Consequently, the data
coming from measurements naturally reflect such symmetries and hence the QFIM becomes singular.

2. Type 2 over-parameterization: measurement dependence on effective parameters. In this case, the
optimal measurement bases, extracted from the SLDs, show metrological symmetries. Given the
different dependences on the underlying parameters of the SLDs and the probe state, symmetries can
in principle show up in measurements that are not present on the level of the state.

3. Type 3 over-parameterization: hiddenmetrological symmetries. In some instances, effective
functional relationships between the original parameters are not discernable on the level of the
quantum state of the probe or on the level of the SLDs. This can lead to highly non-trivial effective
parameters. In this case, the quantum state and/or SLD operators can be parameterized in a
genuinely independent manner by the original parameters, which nevertheless appear as
indistinguishable signals in the measurement data and constructed statistical model.

In the following sections, we investigate these types of over-parameterization in detail. As shown
in section 4, the frequentist approach is useful for revealing information about the number of effective
parameters, but it fails to uncover the exact functional form of the effective parameters in most practical
settings. As we will see in the following sections, the Bayesian approach provides a natural framework
for identifying the functional form of effective parameters and the metrological symmetries, without any
a priori knowledge of the precise encoding. The encodings naturally emerge in the posterior distribu-
tion, which then allows us to systematically estimate the values of these effective parameters through a
re-parameterization of the problem.

6. Type 1 over-parameterization: state dependence on effective parameters

Consider a quantum probe with the (pure or mixed) state ϱ̂ which depends on the d unknown paramet-
ers to be estimated θ⃗ only through a smaller set of k< d effective parameters Ω⃗. We focus first on the
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simplest case of a single effective parameter Ω= f(θ⃗) such that ϱ̂(θ⃗)≡ ϱ̂(Ω). This embodies a symmetry
on the level of the states of the system, since different combinations of the underlying parameters θ⃗ give
the same physics provided that Ω is the same. The state is invariant to transformations θ⃗→ θ⃗ ′ that leave
Ω unchanged. No measurement on the system can distinguish the parameters θ⃗ from θ⃗ ′ in this case. As
an example consider a quantum state ϱ̂(θ1,θ2) = ϱ̂(θ1/θ2), which implies that the effective parameter
is Ω= θ1/θ2. In this situation any transformation of (θ1,θ2)→ (ηθ1,ηθ2) will not change the quantum
state and thus gives the same measurement statistics. It is straightforward to show that these types of
symmetries directly imply a singular QFIM. Using the definition of the QFIM elements in equation (5),
and the chain rule ∂θi ϱ̂(Ω) = ∂Ωϱ̂(Ω)× ∂θiΩ, we find,

Ii,j = IΩ ×
(
∂θiΩ ∂θjΩ

)
, (22)

with IΩ =
∑

k,l 2Re〈ek|∂Ωϱ̂|el〉2/(ek + el) an effective single-parameter estimation QFI for the effect-
ive parameter Ω. An alternative derivation of equation (22) can be obtained from equation (8). When
ϱ̂(Ω) depends only on Ω, we may write L̂i = L̂Ω × ∂θiΩ in terms of the SLD operator for the effective
parameter Ω. Interestingly, we remark that this implies that SLD operators for different bare paramet-
ers θi and θj commute, and so the SLDs are certainly compatible. Although systems with compatible
SLDs are often viewed as the ideal systems for multiparameter estimation, they are in fact singular when
the state depends on a single effective parameter. We obtain equation (22) from the second equality in
equation (3) in this case, where now we can express the effective single-parameter QFI in the alternative
form IΩ = Tr

(
L̂Ω∂Ωϱ̂(Ω)

)
.

The factorized form of equation (22) immediately implies that the QFIM is singular, det[Î]=0. To
see this, note that equation (22) can be written as

Î = IΩ × diag
(
∇⃗θΩ

)
Ĵd diag

(
∇⃗θΩ

)
, (23)

where Jd is the d-dimensional matrix of ones and ∇⃗θ = (∂θ1 ,∂θ2 , . . .) is the gradient operator in para-
meter space. The determinant follows as det[Î] = Id

Ω

∏
i (∂θiΩ)

2 × det[Jd]. But since det[Jd] = 0, the QFIM
is singular. This applies in any dimension d, whenever the state depends on a single effective parameter
Ω. A concrete example of this for the generic two-level system is provided in appendix C.

As discussed above, a singular QFIM implies the existence of at least one zero eigenvalue. We can
straightforwardly compute the eigenvalues of the QFIM by exploiting the representation equation (23).
In this case it can be shown that the QFIM has a single nonzero eigenvalue G1 = IΩ × (∇⃗θΩ)

2 and d− 1
zero eigenvalues. We note that the single non-zero eigenvalue of the QFIM is related to (but not equal
to) the QFI IΩ for the single effective parameter Ω. The normalized QFIM eigenvector u⃗1 corresponding
to this non-zero eigenvalue is found from equation (22) to be u⃗1 = (∇⃗θΩ)/|∇⃗θΩ|, in agreement with
the general result of equation (21).

In the case where the state ϱ̂(Ω⃗) depends on k effective parameters Ω⃗, with 1<k<d, we can gener-
alize our expression for the QFIM. First, we note the chain rule ∂i ϱ̂(Ω⃗) = (∇⃗Ωϱ̂) · (∂i Ω⃗) where ∇⃗Ω =
(∂Ω1 ,∂Ω2 , . . .) is the gradient operator in effective parameter space. From equation (5) we then obtain,

Î
(
θ⃗
)
= T̂†Î

(
Ω⃗
)
T̂ ,

≡
∑
a,b

ÎΩa,Ωb × diag
(
∇⃗θΩa

)
Ĵd diag

(
∇⃗θΩb

)
,

(24)

where Î(θ⃗) is the d× d QFIM in terms of the bare parameters, Î(Ω⃗) is the k× k QFIM of effective
parameters, and T̂ is a k× d transformation matrix of derivatives, with elements T̂a,i = ∂iΩa. Analysis
of these expressions shows that we have k non-zero eigenvalues and d− k zero eigenvalues, confirming
our previous general results. Note that with multiple effective parameters k> 1, the non-zero eigenvalues
of the QFIM Î(θ⃗) are typically complicated linear combinations of elements of the effective QFIM Î(Ω⃗),
and the effective parameter encoding is also obscure. For this, we benefit from the insights of Bayesian
estimation.

In the following subsections, we demonstrate type 1 over-parameterization through instructive
examples. We now focus on the two-parameter estimation scenario, d= 2 with θ⃗ = (θ1,θ2), where we
have a single effective parameter Ω. We present two contrasting cases, where in the first case the effect-
ive parameter Ω has an explicit, known dependence on the underlying parameters θ1 and θ2, such as
through a ratio, Ω= θ1/θ2. In the second case, we consider an implicit dependence where the encoding
function f for the effective parameter Ω= f(θ1,θ2) is a priori unknown.
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6.1. Explicit parameter encoding
We consider here an example in which the quantum state used for multiparameter estimation depends
explicitly on only a single effective parameter.

We again take the XY model equation (15), and explore multi-parameter estimation of the field h
and coupling λ, this time assuming the anisotropy γ is known. We present results for estimation using
the ground state in the ring geometry for N=4 spins, but note that our results are representative of any
N. For the ring geometry, elements of the QFIM are given by,

Îring
λ,h =

∑
k

16sin2 (k)

(ϵk)
4

(
h2γ2 −hλγ2

−hλγ2 γ2λ2

)
, (25)

with k= π(2n+ 1)/N and n= 0,1,2, . . . ,
⌊
N
2

⌋
− 1 labeling the momentum space blocks, and with dis-

persion ϵk = 2
√
(h+λcosk)2 +λ2γ2 sin2 k as before. In this case the QFIM is seen to be singular for all

N, regardless of the values of the parameters θ⃗ = (λ,h). Here the QFIM singularity is a direct result of
equation (22), with an effective parameter Ω= h/λ explicitly defined. This choice can be immediately
seen by rescaling the Hamiltonian as follows,

Ĥ ′ ≡ Ĥring
XY

λ
=

N∑
i=1

1

2

(
[1+ γ] σ̂i

x σ̂
i+1
x + [1− γ] σ̂i

y σ̂
i+1
y

)
+

N∑
i=1

h

λ
σ̂i
z . (26)

The rescaled Hamiltonian Ĥ ′ is dimensionless, with λ being treated here as the unit of energy. Energy
gaps between states of Ĥring

XY are typically of order O(λ/N) and so finite-temperature quantities involving
a mixed state of the system are sensitive to the scale λ. Pure states (such as the ground state) can depend
on λ only through the combination Ω= h/λ, as seen directly from equation (26) and can be verified
directly. It is then immediately obvious that h and λ cannot be independently estimated from pure states
of the XY model: no measurement using such a state can distinguish between θ⃗ = (λ,h) and (2λ,2h) for
example, because the ratio of the parameters is the same in both cases, and the state only depends on
the ratio.

With γ known, equation (26) reduces to an effective single-parameter estimation problem for
Ω= h/λ. Even though the QFIM of the dual estimation problem is singular, we can deduce the
existence of a well-defined effective single-parameter QFI for Ω via equation (22), given by IΩ =∑

k,l 2Re〈ek|∂Ωϱ̂|el〉2/(ek + el). For the ground state of the XY model on the ring geometry we obtain,

IΩ = γ2λ4
∑
k

16sin2 (k)

(ϵk)
4 . (27)

The CRB holds for the effective parameter Ω, which bounds the variance of estimators according to
Var(Ω̂) = 1/(MIΩ).

The direct result equation (27) is also consistent with the reparameterization equation (18) that takes
Î(θ⃗) in equation (25) to Î(χ⃗), where [Î(χ⃗)]Ω,Ω ≡ IΩ and χ⃗= (Ω,Λ) with Ω= h/λ the effective para-
meter of interest and Λ = h×λ the complementary ‘dark’ parameter that encodes the metrological sym-
metry and cannot be estimated.

The single non-zero eigenvalue of the QFIM is straightforwardly obtained from equation (25), yield-
ing G1 = γ2(h2 +λ2)

∑
k 16ϵ

−4
k sin2(k). Comparison with equation (27) shows that equation (20) is satis-

fied (noting that (∇⃗θΩ)
2 = (h2 +λ2)/λ4 in this case). The corresponding QFIM normalized eigenvector

is u⃗1 = (−h,λ)/
√
h2 +λ2, which also satisfies equation (21).

We note that, in this simplest of cases where the effective parameter involves just a ratio of bare
parameters, one can deduce Ω from u⃗1 by analyzing equation (21). This amounts to solving the partial
differential equation (h2 +λ2)[∂λΩ]

2 = h2([∂λΩ]2 + [∂hΩ]
2) for Ω. This yields Ω= f(h/λ) or f(h×λ).

The latter leads to an inconsistency on the level of equation (20). Therefore we can conclude that
the simplest effective parameter is indeed Ω= h/λ. One might ask whether there is some function
Ω= f(h/λ) such that the QFIM eigenvalue is precisely the effective QFI, G1 = IΩ. However, it is easily
proved that no such function exists. This again highlights that simply diagonalizing the QFIM does not
(necessarily) yield a legitimate QFIM—one has to find the proper re-parameterization.

One rather simple and vivid way to do this is to use Bayesian estimation. To showcase the power
of the Bayesian approach for singular multi-parameter estimation problems, we now demonstrate that
the above conclusions about the QFIM singularity, metrological symmetries, and effective parameter
encoding can be drawn automatically, with no a priori knowledge of the structure of the state. This is
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Figure 3.Multinomial posterior distributions for Bayesian estimation of λ and h in the XY model. Results shown for estimation
using the ground state of the N= 4 system in the ring geometry, whose QFIM is singular. The true values of the parameters to

be estimated (dotted white lines) is θ⃗ tr ≡ (λtr,htr) = (0.4,0.55) and we set γ= 1. Panels (a) and (b) compare the results after
M= 200 and 10000 measurements, respectively. Associated line plots show the individual (marginalized) posteriors for each
parameter.

seen directly from the multinomial Bayesian posterior distribution. In figure 3 we present results for
multi-parameter Bayesian estimation of λ and h in the XY model, using the ground state of the N=4
system in the ring geometry, setting γ=1. We take the true values of the parameters to be estimated as
θ⃗ tr ≡ (λtr,htr) = (0.4,0.55), arbitrarily chosen. For the simulation, POVMs are again constructed from
the eigenbasis of σ̂tot

z , which constitutes the optimal measurement for both parameters. Panels (a) and
(b) compare the Bayesian posterior distributions after M= 200 and 10000 measurements.

We immediately see that the QFIM singularity shows up in the Bayesian posterior distributions as
a persistent line of high likelihood, whose width decreases with increasing M. Note that the individual
posteriors obtained after marginalizing (shown by the line plots above and to the left of the main pan-
els) are distinctly non-Gaussian and have essentially no physical interpretation. The Bayesian averages
(estimated values) of the parameters obtained from these do not converge to the true values of the para-
meters, shown by the dotted white lines, and are determined only by the sampling range. Note that the
fluctuations for large M seen in the marginalized posteriors correspond to numerical instabilities as the
persistent line of high-likelihood becomes increasingly sharp.

The singular lines in figure 3 are described by the function f(h,λ)≡ h/λ=Ωtr with the constant
Ωtr = htr/λtr set by the true value of the parameters. We can therefore see directly from the Bayesian
approach that there is a single effective parameter Ω= h/λ that characterizes the metrological problem.
The true value Ωtr can be read off from the Bayesian posterior distributions, even though the individual
values of htr and λtr remain ambiguous.

6.2. Implicit parameter encoding
We now consider a case where the state depends on a single effective parameter Ω, but its underlying
functional dependence on the bare parameters θ⃗ is a priori unknown. This implicit functional relation-
ship will however be revealed in the Bayesian posterior.

For this purpose, we take as our example the Heisenberg spin-chain model. Here we will con-
sider the dual estimation of a coupling constant (a Hamiltonian parameter) and the temperature (a
non-Hamiltonian parameter). We therefore generalize now to mixed states at finite temperatures.
Furthermore, we consider both the full state of the entire system as a resource for parameter estima-
tion as well as the reduced state, embodying partial accessibility to a restricted set of probe degrees of
freedom. We shall see below that a number of nontrivial differences arise for the Heisenberg model, but
that Bayesian estimation is able to provide detailed information about the fundamental structure of the
metrological problem.

The Heisenberg model we consider consists of a one-dimensional chain of N spins- 12 , with nearest-
neighbor exchange couplings and open boundaries,

ĤHeis =
N−1∑
i=1

Ji
(
σ̂i
xσ̂

i+1
x + σ̂i

yσ̂
i+1
y + σ̂i

zσ̂
i+1
z

)
≡

N−1∑
i=1

Ji σ⃗i · σ⃗i+1 (28)

where σi = (σ̂i
x, σ̂

i
y, σ̂

i
z) is the Pauli vector. We take chains of even length N and focus on the case

where the central two spins are coupled by an exchange coupling K and all other spins are coupled
by J. Similar settings have been heavily studied for metrology, including the development of impurity-
based probes [19, 111, 112], non-equilibrium quantum sensors [11], optimal global thermometers [49],
multi-parameter quantum probes [113] and sequential measurement sensing schemes [114–116]. Here
we assume the system is in thermal equilibrium and we focus on the joint estimation of T and K (with
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J assumed to be known). For simplicity we will restrict to N = 4 spins, but remark that our results are
rather generic for larger (finite, even) N.

At finite temperatures, the full state of the system is described by a statistical mixture, ϱ̂=∑
n en |en〉〈en| corresponding to the thermal Gibbs state. The probabilities en are therefore the normal-

ized Boltzmann weights en = e−En/T/Z, with Z=
∑

n e
−En/T the partition function and En the energy of

state |en〉 satisfying the Schrödinger equation Ĥ|en〉= En|en〉. Information regarding the set of parameters
is typically encoded in both the populations en and eigenvectors |en〉 of the state ϱ̂.

We consider two settings: full accessibility to the complete spin chain and partial accessibility to
only the two central sites. This allows us to examine how the level of access to the system impacts
multi-parameter sensitivity. The reduced state of the central two spins is given by the partial trace,
ϱ̂23 = Tr14{ϱ̂}. For both the full and reduced state, the QFIM is given by equation (5).

In the case where we use the full state of the entire system for metrology, the QFIM Î for θ⃗ = (K,T)
is non-singular at all finite temperatures T. In this case, the standard multi-parameter CRB scenario
applies. By contrast, when the reduced state of the central two sites is used, the QFIM is singular. This
can be traced back to the relatively small local Hilbert space of the ‘probe’ spins, and the constraints
imposed by SU(2) spin symmetry [19]. In fact, it is straightforwardly shown that the reduced dens-
ity matrix (RDM) of the central sites ϱ̂23 is entirely specified by the thermal expectation value of the
spin-spin correlation function between these sites, 〈 ˆ⃗σ2 · ˆ⃗σ3〉 ≡ Tr{ϱ̂ ˆ⃗σ2 · ˆ⃗σ3}, which controls the singlet-
triplet fraction. Even though the correlation function 〈 ˆ⃗σ2 · ˆ⃗σ3〉= f(K,T) is some complicated (and a pri-
ori unknown) function of the coupling K and temperature T, on the level of the probe RDM it serves
as an implicit effective parameter Ω= 〈 ˆ⃗σ2 · ˆ⃗σ3〉 and in this case we can write ϱ̂23 ≡ ϱ̂23(Ω). Figure 9 of
appendix D shows a contour plot of Ω as a function of T and K, and highlights the complicated implicit
parameter relationships that can emerge in such systems.

Since the reduced thermal state depends on a single effective parameter, equation (22) holds and the
QFIM is singular at all temperatures. This contrasts to the results of section 6.1 where the singularity
arises only for pure states (see section 10 for a discussion on how the singularity is lifted at finite tem-
peratures in the XY model).

Another consequence of the SU(2) spin symmetry of the reduced state is that eigenstates of the RDM
are the spin singlet and triplet states, independently of K and T. Consequently, only the RDM popu-
lations have a parameter dependence, and the effective QFI simplifies to IΩ =

∑
n(∂Ωpn)

2/pn, where
pn ≡ pn(Ω) are the reduced state populations.

For the Bayesian estimation strategy we fix J= 1 and take the true values of the parameters to be
estimated as θ⃗ tr ≡ (Ktr,Ttr) = (0.52,0.35), arbitrarily chosen. The spin-spin correlation ˆ⃗σ2 · ˆ⃗σ3 is our
observable of choice and POVMs are constructed from its eigenbasis. For estimation of T and K using
the thermal state of the entire system, this choice of observable constitutes a sub-optimal measurement,
i.e. the measurement operator does not commute with individual parameter SLDs. The Fisher informa-
tion matrix associated with this particular observable is however invertible and therefore multi-parameter
Bayesian estimation is well-defined and should converge to the true parameter values, albeit not with
optimal precision scaling. When we instead use the reduced thermal state of the central two ‘probe’ spins
for estimation, the spin-spin correlation ˆ⃗σ2 · ˆ⃗σ3 constitutes an optimal measurement for both paramet-
ers. However in this case, the corresponding QFIM is singular, as noted above. Therefore we do not
expect the Bayesian posterior distribution to converge to a unique point in parameter space. In both
cases, we take our initial prior as a uniform distribution over the range 0⩽ θ ⩽ 2 for θ = T or K.

In the main panels of figure 4 we show the resulting multinomial posterior distribution obtained
after M=200 and M= 10000 measurements in panels (a,c) and (b,d) respectively. The top row pan-
els (a,b) are for estimation with the (non-singular) full state; bottom row panels (c) and (d) are for
the (singular) reduced probe state case. White dotted lines show the true values of the parameters.
Associated line plots show the individual (marginalized) posterior distributions for each parameter
obtained from equation (12).

Our simulation results in figure 4 show very clearly that for the non-singular (full state) case (pan-
els a,b) the Bayesian posterior distribution converges to a single unique point corresponding to the true
parameter values. However, in the singular case (reduced state) in panels (c) and (d) the Bayesian pos-
terior converges instead to a persistent line of high likelihood. In this example of the Heisenberg chain
model, the singular line has a nontrivial functional dependence on the parameters to be estimated. The
marginalized distributions in this case are non-Gaussian and lack a clear physical interpretation; the
corresponding Bayesian average does not converge to the true values of the parameters as the number
of measurements M is increased. Importantly though, the singular line of high likelihood does pass
through the point corresponding to the true values of the parameters.
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Figure 4.Multinomial posterior distributions for Bayesian estimation of T and K in the Heisenberg model. For dual estimation
of the temperature T and spin coupling K, we use either the full thermal state of the entire system (top panels: a,b) or the reduced
state of the central two spins (bottom panels: c,d). The QFIM is singular in the case of the reduced state. We compareM= 200

vs 10000 measurements in the left and right panels, respectively. The true parameter values are θ⃗ tr = (Ktr,Ttr) = (0.52,0.35),
shown as the white dotted line. Line plots show the individual (marginalized) distributions for each parameter. We use N= 4 and
J= 1.

We see directly from the Bayesian posterior distributions for the case of estimation with the reduced
state, figures 4(c) and (d), that measurements on the probe cannot distinguish between different com-
binations of the parameters K and T that lie on the persistent line. This indicates a metrological sym-
metry, where measurements are invariant to changes in K and T provided Ω= f(K,T) remains con-
stant. The contour lines of constant Ω are discussed in appendix D and are shown in figure 9. Because
the persistent line passes through the true values of the parameters, the line is defined by the equation
Ω≡ f(K,T) = Ωtr with the constant Ωtr = f(Ktr,Ttr) fixed by the true values. This plays the role of a con-
straint between the bare parameters K and T. Even though the temperature T and coupling constant K
are manifestly independent (in the sense that we can fix T say, and still vary K fully and freely), they
become constrained and implicitly related on the level of the metrological statistical model. This leads
to a redundancy in the parameter encoding and hence over-parameterization. At heart, this causes the
QFIM singularity for this problem. Since the Bayesian posterior converges to the correct contour line,
Ωtr can be estimated by the Bayesian strategy.

7. Type 2 over-parameterization: measurement dependence on effective parameters

In principle, the optimal measurements corresponding to the SLD operators L̂i may depend only on
the d parameters θ⃗ through a reduced set of k effective parameters Ω⃗. This can happen even when the
underlying state ϱ̂ has no such reduced dependence (that is, the parameters θ⃗ are independent on the
level of the state but not on the level of the measurements).

For simplicity we again consider the two-parameter estimation case. Suppose that the SLD oper-
ators L̂i depend only on the parameters θ1 and θ2 through the single effective parameter Ω. Thus
L̂i(θ1,θ2)≡ L̂i(Ω) for all i, and the measurement data cannot distinguish between systems with paramet-
ers (θ1,θ2) and (θ ′1,θ

′
2) provided they both correspond to the same effective parameter Ω. In this case

one can straightforwardly show that the QFIM is singular. This time we use equation (3) and the chain
rule ∂θi L̂j (Ω) = ∂ΩL̂j (Ω)× ∂θiΩ to write,

Ii,j = LΩ
j × ∂θiΩ (29)

where LΩ
j =−Tr{ϱ̂(θ⃗)∂ΩL̂j(Ω)}. From this we obtain det[Î] = 0. We emphasize that this parametric

redundancy on the level of measurements can happen even when the state ϱ̂ does not have any such
simple dependence. This can be seen from the fact that the parametric dependence of the SLDs is dif-
ferent from that of the state, see equation (8). Although a distinct mathematical possibility, finding an
explicit example of this type of QFIM singularity is an open question.
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Figure 5.Multinomial posterior distributions for Bayesian estimation of λ and γ from the ground state of the XY model with
all-to-all coupling. Shown forM= 200 and 10000 measurements in panels (a) and (b) respectively. White dotted lines show the
true parameter values at (λtr,γtr) = (0.5,0.6). Line-plots show the corresponding marginalized univariate distributions for each
parameter. Results shown for N= 4 spins and known constant field h= 1.

8. Type 3 over-parameterization: hiddenmetrological symmetries

We note that both equations (22) and (29) yield QFIM singularities by virtue of a factorization of the
form Î=diag(A⃗) Ĵd diag(B⃗), where A⃗ and B⃗ are d-dimensional vectors and Ĵd is the d-dimensional mat-
rix of ones. Then det[Î] = 0 since det[Ĵd] = 0. These cases demonstrate the intimate connection between
QFIM singularities and the existence of effective parameters or metrological symmetries. However, there
may be other situations where QFIM singularities arise, but no such simple factorization is possible.

To demonstrate this third scenario, we again consider the XY model of N spins, equation (15), but
this time with uniform all-to-all interactions, λij ≡ λ/N and γij ≡ γ/N for all i, j. In this case we can
recast equation (15) in terms of collective spin operators Ŝα ≡

∑
i σ̂

i
α /2. The Hamiltonian then reads,

ĤA2A
XY = λ

[
(1+ γ) Ŝ2x +(1− γ) Ŝ2y

]
+ 2hŜz . (30)

The total spin S is conserved by ĤA2A
XY and the ground state lives in the extremal spin sector S= N/2

throughout the parameter regimes considered for this model (h= 1 and λ,γ > 0).
In contrast to the ring-geometry, the QFIM for joint estimation of λ and γ is singular for the all-

to-all geometry, with det
[
ÎA2A
γ,λ

]
= 0. In this case, there is no parametric redundancy or single effective

parameter that one can deduce directly from the structure of the ground state or the SLD operators for
N > 3. Yet the singular QFIM implies a single zero QFIM eigenvalue and therefore a single ‘hidden’ met-
rological effective parameter Ω.

As shown in appendix E, simple expressions for the QFIM can be obtained N = 3 spins, and the
explicit form of the effective parameter extracted analytically. For N⩾ 4 however, there is no simple ana-
lytic form for the QFIM, and we were not able to invert equation (21) to find Ω this way.

Instead, to uncover the form of the effective parameter and the nature of the metrological symmetry
for N = 4, we turn to Bayesian estimation. Convergence to the true values of λ and γ is no longer guar-
anteed (or expected) in this situation, but we still anticipate that useful metrological information will
be extractable from the Bayesian posterior distribution. We note that, similar to the previous cases, the
SLDs also commute in this case, implying that we we have a compatible but singular multi-parameter
estimation problem. This arises even though the state depends separately on both parameters λ and γ.

Because the QFIM is singular, the Bayesian posterior distribution is characterized by persistent
regions of high likelihood, rather than convergence to a unique point corresponding to the true values
of the parameters λtr and γtr. Importantly, we observe that these regions of high likelihood become nar-
rower with successive updates of the prior and converge to a specific line in the space of bare parameters
λ and γ. This is shown in figure 5, in which we compare the results of M= 200 and 10000 measure-
ments in panels (a) and (b). We interpret such persistent lines in the posterior distribution as meaning
that measurements cannot distinguish between different combinations of the parameters λ and γ along
these lines—an emergent metrological symmetry.

Importantly, the ground state used for estimation here does not reflect this metrological symmetry
(we have verified this directly by numerical calculation). Therefore the over-parameterization in this case
is indeed of type 3.

The individual posteriors for λ and γ, obtained after marginalizing the full multinomial distribution,
are clearly non-Gaussian—see associated lineplots in figure 5. Although Bayesian estimators for the para-
meters can still be constructed according to equation (11), inferences drawn from them are meaningless
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because of the ambiguity along the persistent lines of likelihood. Naive application of the Bayesian estim-
ation strategy therefore does not yield correct estimates for the unknown parameters when the QFIM is
singular.

Importantly however, note that the true values of the parameters (λtr,γtr) do lie on the singular line
in the Bayesian posterior. Therefore, although from the data we cannot determine uniquely the true val-
ues of the individual parameters, Bayesian estimation still provides useful new information. We learn
that the true values of the parameters λtr and γtr to be estimated lie on a specific line f(λ,γ) = Ωtr,
where the constant Ωtr = f(λtr,γtr) is itself determined by the true parameters. The functional form
f(λ,γ), which embodies a kind of metrological constraint between the individual parameters λ and
γ, need not be known a priori, but emerges automatically in the Bayesian posterior distribution after
repeated updates. We emphasize that this functional relationship can be nontrivial and might not be eas-
ily guessed from analysis of the bare model or SLD operators, as in the present case.

In the specific example of the all-to-all connected XY model, we find that the singular lines in the
Bayesian posterior are quite accurately (although not precisely) described by the function f(λ,γ)≡ λ×
γ =Ωtr, with the constant Ωtr = λtr × γtr, and therefore describe hyperbolic contours in the (λ,γ) plane.
The Bayesian posterior allows us to read off the functional dependence of the effective parameter Ω'
λ× γ. Indeed, as shown in the next section, the true value Ωtr can be estimated with a precision that is
determined by an effective CRB.

9. Effective CRB for singular estimation problems

Independently of the type of QFIM singularity or the particular model setting, we find that the Bayesian
posterior distribution for two-parameter estimation converges in the limit of a large number of meas-
urements to a line in parameter space, and not a unique point as for non-singular estimation problems
[117]. The functional form of this line encodes a metrological symmetry: any system along this line
yields asymptotically the same set of measurement outcomes and therefore the same statistical model.
Different systems along this line cannot be distinguished. The lines perpendicular to this singular line
encode the metrological effective parameter. Measurements on the system give different results for differ-
ent values of this parameter, which can therefore be estimated via the Bayesian strategy.

In this section, we develop a formalism to systematically identify the metrological symmetries and
effective parameters from Bayesian analysis. By performing a re-parameterization to new coordinates,
we show that an effective CRB holds for the single effective parameter, and demonstrate with specific
examples that the true value of this effective parameter can indeed be reliably estimated—even though
the original multiparameter estimation problem is singular. We emphasize that there is in general no
straightforward strategy for determining the effective parameter encoding or metrological symmetries
just from consideration of the model or its QFIM.

Understanding QFIM singularities as resulting from over-parameterization, the multinomial Bayesian
posterior should be interpreted as a univariate Gaussian distribution when the problem is characterized
by a single effective parameter Ω. In the limit of a large number of measurements M, the Bayesian pos-
terior in such cases can be approximated by,

P(Ω | {nk})≈
√

MI (Ωtr)

2π
exp

{
−MI (Ω−Ωtr)

2

2

}
. (31)

Here the effective parameter Ω= f(θ1,θ2) is some function of the original parameters θ1 and θ2. The
posterior distribution in the space of these original parameters allows us to ascertain the mapping
between them and the effective parameter Ω directly and without any a priori knowledge.

The individual (marginalized) posteriors for each bare parameter are not asymptotically normal—
see e.g. figures 3 and 5. Fundamentally this is because several combinations of θ1 and θ2 yield the same
Ω. However, as we shall demonstrate explicitly, the posterior for the effective parameter P(Ω|{nk}) does
tend to a Gaussian, as per equation (31). Note that the persistent lines of high likelihood in the Bayesian
posterior are contour lines along which the effective parameter Ω is constant. If we had chosen differ-
ent values of the bare parameters, we would get a different contour line, this time passing through the
point corresponding to the new set of true parameter values. Measurements on the system along any
such line must yield the same results. Therefore the underlying statistical model is invariant to changes
in an orthogonal, independent parameter Λ describing the position along those lines. We have a depend-
ence on Ω but not Λ. We argue that taking a linecut through Ω while keeping Λ constant should yield
a Gaussian profile. To obtain a properly defined marginalized distribution, one must integrate all such
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Figure 6. Recovery of effective CRB for singular multi-parameter estimation problems using co-ordinate transformations. Results

presented for the XY model ground state with N=4 spins, showing dual estimation of θ⃗ = (λ,h) for the ring geometry in the top

row panels (a)–(d), and dual estimation of θ⃗ = (λ,γ) for the all-to-all geometry in the bottom row panels (e)–(h). The QFIM in
both cases is singular. The true values of the parameters are taken to be (λtr,htr) = (0.7,0.22) and γ= 1 for panels (a)–(d); and
(λtr,γtr) = (0.3,0.2) and h= 1 for panels (e)–(h). The multinomial Bayesian posteriors in terms of the original parameters are
presented in panels (a) and (e) for the two cases, both corresponding toM= 1000 measurements. The blue-dashed lines show
line cuts through the persistent likelihood regions which have approximately Gaussian profiles. Panels (b) and (f) correspond to
the same distributions plotted in terms of the transformed (hyperbolic) effective parameters u and v (see text). Blue-dashed lines
are the same line cuts as in (a) and (e). Panels (c), (g) show the corresponding marginalized univariate distributions, which are
Gaussian, forM= 100 (blue lines) andM= 1000 measurements (red lines), and show a precision gain in the estimation of the
effective parameter as more data are collected. The inverse variance of these distributions is extracted and plotted vsM in panels
(d, h) as the solid black lines, comparing with the effective single-parameter CRB for the transformed parameters (orange-dotted
line).

orthogonal cuts along the singular line in question. In terms of the original coordinates, this procedure
would typically be very cumbersome.

This motivates a generalized coordinate transformation (θ1,θ2)→ (u,v) such that u=Ω is defined
as being the effective parameter on which the underlying statistical model depends. The other parameter
v= Λ is independent of u. Transforming the Bayesian posterior distribution to (u, v) coordinates should
give perfect translational invariance along v. Marginalizing over v gives the posterior P(u) which should
be Gaussian.

We now illustrate these concepts with simple examples from the XY model, equation (15). Our res-
ults are summarized in figure 6. In panel (a) we reproduce the Bayesian posterior distribution after
M= 1000 measurements for dual estimation of h and λ in the XY model for N = 4 assuming a ring
geometry; and in panel (e) we show the analogous plot for estimation of λ and γ for the all-to-all
geometry. In both settings a singular QFIM is captured by the Bayesian posterior through the persist-
ent lines of high likelihood. For panel (a) we deduce the existence of an effective parameter Ω= h/λ;
in panel (e) we assign Ω' λ× γ. The equation Ω= Ωtr defines the singular lines. In both cases the
dependence of the effective parameter Ω= f(θ1,θ2) on the bare parameters θ1 and θ2 suggests a stand-
ard hyperbolic coordinate transformation,

u= ln

√
θ1
θ2
, v=

√
θ1θ2. (32)

For the top row panels in figure 6 we choose u= ln
√
h/λ and v=

√
h×λ. Measurements on the

system are sensitive to variations in u but not v. This is in fact an exact statement: the ground state used
for estimation here depends explicitly only on u and not v. Panel (b) shows the Bayesian posterior as
a function of these transformed coordinates. The hyperbolic linecut at constant v is shown as the blue
dashed line in panel (a). This same cut is a straight line in panel (b). As expected, we see perfect trans-
lational invariance along v in panel (b). Marginalizing over v yields P(u) which we plot vs u in panel
(c), for two different values of M. Two immediate observations are that the univariate distributions are
indeed Gaussian, and that their width decreases with M. We extract the precision Var[û]−1 from P(u)
and plot this vs M in panel (d). This shows perfect linear scaling with the number of measurements,
consistent with an effective CRB for the effective parameter u. To confirm this, we compute the single-
parameter QFI I(u) for the XY model, and plot MI(u) as the orange-dotted line in figure 6(d). The
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exact agreement at large M demonstrates that we do indeed have an effective CRB, controlled by an
effective single-parameter QFI, even in this singular multi-parameter estimation problem.

We further illustrate these ideas in the bottom row panels (e)–(h) of figure 6, for the (singular) case
of multi-parameter estimation of λ and γ. In this case, we choose u= ln

√
λ/γ and v=

√
λ× γ. Our

ansatz is that the underlying statistical model this time depends only on v and not on u. However, we
note that this is deduced approximately from the structure of the singular line in panel (e)—the state
and SLD operators appear to still depend on both u and v. Performing the hyperbolic transformation
(λ,γ)→ (u,v) and plotting the resulting Bayesian posterior in panel (f), we see that the distribution is
indeed close to Gaussian along v and close to invariant along u. However, this is seen to be an approx-
imation, and there is some small dependence on u evident from the plot. The linecuts at constant u
shown as the dashed lines in panels (e,f) yield Gaussian profiles to a good approximation. Marginalizing
over u gives the posterior P(v) plotted in panel (g). Again, to a good approximation, these are Gaussian.
Their width is seen to decrease with increasing M as before. Plotting the precision Var[v̂]−1 vs M in
panel (h) again shows CRB scaling, set by an effective single-parameter QFI I(v), which we compute
directly from the bare model (orange-dotted line). Although the true effective parameter appears not to
be precisely v=

√
λ× γ, corrections to this form are rather small.

Our results show that when the effective parameter is known precisely, the transformation can be
performed to give an asymptotically exact univariate Gaussian distribution for the Bayesian posterior at
large M, that follows an effective CRB. For this effective single-parameter problem, the BVM theorem
holds. Indeed, even when the effective parameter is not known exactly, the structure of the Bayesian
posterior still allows for an approximate mapping, based on an ansatz for the functional dependence
inferred from measurement data.

We conclude from this that a singular QFIM does not preclude Bayesian parameter estimation—rich
information can still be learned. Furthermore, data can still be collected in the usual way, despite per-
sistent lines of Bayesian likelihood signalling estimation ambiguities: one can simply post-process the
data via appropriate parameter transformations as per figure 6. However, in such cases, only information
about the effective parameters, and not the bare parameters, can be unambiguously determined.

Finally, we remark that the introduction of non-linear coordinate transformations in this way for
dealing with over-parametrization may have implications in the field of distributed sensing. In such
scenarios, multiple users, each with access to only a subsystem of the probe, are involved in estimation
of an effective global parameter of interest. This global effective parameter is typically a linear com-
bination of local parameters that affects the quantum state of the probe locally [118–121]. As with the
transformations illustrated in this section, it may be possible to generalize this to non-linear parameter
encodings.

9.1. Effective CRB vs pseudoinverse method
One approach that has previously been used to deal with singular multiparameter estimation problems
is to apply the Moore–Penrose pseudoinverse to the FIM or QFIM [80, 93]. Although the true matrix
inverse Î(θ⃗)−1 of a singular QFIM does not exist, its pseudoinverse Î(θ⃗)+ always exists and is well-
defined. Interpreting the QFIM pseudoinverse as a lower bound Cov(θ⃗)⩾ (MÎ(θ⃗))+ on the covariance
matrix of parameters to be estimated akin to the CRB is however known to be overly optimistic [122].
Yet the simplicity of the approach is appealing.

In light of the physical insights gained from the Bayesian analysis presented above, one might ask
how meaningful the QFIM pseudoinverse is in this context. For example, from figures 6(a) and (e)
we learn that, for the considered models, complete uncertainty in one parameter θ1 implies that the
other parameter θ2 could take any value. The estimator θ̂2 for that parameter will have infinite variance
because for every possible value of θ2 there is some corresponding value of θ1 that gives the same effect-
ive Ω. No measurement can statistically distinguish between systems with the same Ω. Within a finite
sampling window, the expected value and variance of the estimators is of course finite, but these values
are only controlled by the details of the sampling window and do not give a proper estimate of the true
values. Therefore, the finite elements of the QFIM pseudoinverse appear to have very little physical signi-
ficance in this case.

Figures 6(d) and (h) show that a well-defined QFI and CRB do hold for the single effective para-
meter Ω. Unfortunately, the QFIM pseudoinverse gives no hint about what this effective parameter is,
and how it is related to the original parameters of the problem θ⃗. Interestingly, however, the pseudoin-
verse does capture the correct precision bound for the effective parameter, as now shown.

Taking the case of figures 6(a)–(d) as a concrete example in which the effective parameter is iden-
tified as Ω= h/λ, the CRB yields Var(Ω̂)⩾ (MIΩ)−1 which is well-defined and finite. Here IΩ is
given by equation (27). Meanwhile, from the error propagation formula equation (19), we may write
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Var(Ω̂) = Ω̂2[Var(ĥ)/ĥ2 +Var(λ̂)/λ̂2 − 2Cov(ĥ, λ̂)/ĥλ̂]. Taking the putative values of Var(ĥ), Var(λ̂) and
Cov(ĥ, λ̂) to be the elements of the QFIM pseudoinverse (MIλ,h)

+, we can therefore obtain an estimate
for Var(Ω̂). This provides a direct means of comparing the true precision bound from the effective QFI,
with that obtained by the pseudoinverse method. The pseudoinverse of the QFIM equation (25) yields,

(
Îring
λ,h

)+
=

(∑
k

16sin2 (k)

(ϵk)
4

)−1

× 1

γ2 (h2 +λ2)
2

(
h2 −hλ
−hλ λ2

)
. (33)

Using this with the error propagation formula, we find by direct calculation that Var(Ω̂) obtained using
the pseudoinverse is precisely equal to the exact result obtained from the CRB via IΩ. Of course, one
must already know the functional form of the effective parameter Ω= f(θ1,θ2) in order to apply the
error propagation formula to obtain this result.

The fact that the QFIM pseudoinverse can reproduce the CRB for the effective parameter is a general
result. Starting from the singular QFIM in the original coordinates Î(θ⃗), one can re-parameterize via
equation (18) to obtain Î(χ⃗) = (M̂T)−1Î(θ⃗)M̂−1, where χ⃗= (Ω,Λ). The transformation M̂ is chosen
such that the only non-zero element is [Î(χ⃗)]Ω,Ω ≡ IΩ. Now, one cannot invert the full matrix Î(χ⃗) but
we do not need to: the CRB applies to the non-zero element Var(Ω̂) = (MIΩ)

−1. Alternatively, one can
take the pseudoinverse [Î(χ⃗)]+, which is well-defined and whose only non-zero element is 1/IΩ. Taking
Var(Ω̂) = [MÎ(χ⃗)]+Ω,Ω we get the correct result.

This also works in terms of the original coordinates, since [MÎ(χ⃗)]+ = [(M̂T)−1Î(θ⃗)M̂−1]+ =

M̂[Î(θ⃗)]+M̂T. Taking Cov(θ⃗)⩾ [Î(θ⃗)]+ yields M̂Cov(θ⃗)M̂T ⩾ [MÎ(χ⃗)]+ which from the error propaga-
tion formula equation (19) gives precisely Cov(χ⃗) on the left hand side as desired.

This shows that the pseudoinverse correctly contains information about the effective CRB, once
transformed to the correct basis of effective parameters.

10. Lifting QFIM singularities through thermal fluctuations

As discussed in the previous sections, QFIM singularities are a direct consequence of over-
parameterization, which in turn leads to the emergence of metrological symmetries. To lift the QFIM
singularity, one has to break the metrological symmetries. One route is to do this by adding external
(known) controls on the system. As an example, in [19] the singularity is lifted by applying an external
local field. When singularities arise due to partial accessibility of a probe, another approach to lift singu-
larities is to simply expand the support of the reduced state used for estimation. This was illustrated in
figure 4 for the Heisenberg chain model.

In this section, we present an alternative. We show below that thermal fluctuations, which are typic-
ally considered as having a destructive effect on quantum resources, can often be leveraged to lift QFIM
singularities. Therefore, perhaps counterintuitively, metrological utility is actually enhanced at elevated
temperatures in such systems. It was recently demonstrated that, under certain circumstances, small tem-
perature fluctuations can enhance the QFI for single-parameter estimation [83, 123], and our findings
extend this to the multi-parameter context. In fact, another way of viewing our result is that the exist-
ence of QFIM singularities causes a suppression of the low-temperature metrological precision. Therefore,
even for non-singular systems, the existence of a singular point nearby in the phase diagram can cause
partial suppression of sensitivity, and these are precisely the systems where thermal fluctuations can
boost quantum sensing.

We illustrate these concepts by considering the simultaneous estimation of the anisotropy γ and
coupling λ in the XY model for N = 4 spins on the ring geometry, see equation (15). As before, we
assume the field is known and set h= 1. When any pure state of the system is used for sensing, the
QFIM is singular when γ= 0 (see appendix B and equation (B3)). However, the QFIM of the thermal
state at finite T is non-singular.

At sufficiently low temperatures T�∆ the system is described by its ground state, where ∆ is the
energy gap between the ground and first-excited state. The thermal population of excited states is expo-
nentially suppressed in this limit, and so one expects the QFIM to be determined by equation (6) for
the ground state. This is demonstrated explicitly in appendix F, where the QFIM for a general thermal
state is shown to be continuously connected to the ground state QFIM by taking the limit T→ 0. This
implies that the determinant of the QFIM (and hence the overall precision of multi-parameter estima-
tion which is proportional to the determinant) continuously vanishes as T→ 0 for singular systems. In
fact, the existence of a singularity in the ground state QFIM can be shown to produce an exponentially-
strong suppression at small finite temperatures, det[Î]∼ e−∆/T.
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Figure 7.Multi-parameter estimation at finite temperatures. For the XY model on the ring geometry, we compute the determin-
ant of the QFIM for joint estimation of λ and γ at finite T. (a) Metrological phase diagram, showing det[Îλ,γ ] as a function of γ

and T on a log colorscale. (b) det[Îλ,γ ] vs T for γ= 0, 0.1 and 0.5, showing low-temperature suppression near the singular point
at γ = T= 0. Throughout we use N= 4 and set h= 1 and λ= 0.6.

This is demonstrated in figure 7 where we compute the QFIM determinant det[Îring
λ,γ ] for joint estim-

ation of λ and γ in the XY model on the ring geometry. In panel (a) we show the metrological phase
diagram as a function of γ and T for representative λ= 0.6 and h= 1. The QFIM singularity is seen as a
low-temperature suppression of the determinant near γ= 0 (note the log colorscale). This is because the
pure state QFIM for the ground state at γ= 0 is singular and so det[Îring

λ,γ ] = 0 at γ = T= 0. However,
the broader influence of this singular point in the phase diagram is clearly evident. By continuity, the
low-temperature properties of systems with small finite γ also show a low-temperature suppression of
the QFIM determinant, although not all the way to zero. This is shown more clearly by the line plots in
figure 7(b).

In the opposite limit, T→∞, the thermal state becomes maximally mixed and no information about
the parameters is encoded. Therefore the QFIM determinant vanishes (for all values of γ or λ). As a
consequence, the QFIM determinant must peak at finite T, indicating that optimal sensitivity is indeed
found at intermediate temperatures.

We conclude that, in the XY model, at all finite temperatures the QFIM singularity is lifted. This
means that the QFIM is invertible, the CRB holds, and the BVM theorem implies that Bayesian estima-
tion will converge to a unique point in parameter space, corresponding to the true values of the para-
meters to be estimated. However, we note that close to a singularity, when the QFIM determinant is
finite but small, the rate of convergence will be extremely slow, and long-lived signatures of the singular
lines in the Bayesian posterior distributions are expected (albeit that these must eventually evaporate).

We therefore emphasize that the fundamental categorization of the ground state QFIM as singular
or non-singular is highly important. Indeed, as shown in figure 7, it is also useful to know when a sys-
tem is close to, but not at, a point in the phase diagram where the ground state QFIM is singular. This
points to metrological maps of the ground state QFIM determinant as being a particularly useful dia-
gnostic tool.
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Finally, we note that some systems may be singular also at finite temperatures—see for example the
singular reduced thermal state of the Heisenberg chain in section 6.2. This underlines the importance of
determining the physical origin of the QFIM singularity, and whether metrological symmetries exist only
at the level of pure states, or survive for mixed states. We have provided examples of both in this paper.

11. Conclusions

Quantum sensing lies at the foundation of all emerging quantum technologies, with applications span-
ning from device calibration and readout optimization to the estimation of fundamental constants of
the Universe, as well as the precise measurement of external electromagnetic or gravitational fields. The
Cramér–Rao formalism provides theoretical bounds on achievable precisions for a given quantum probe.
For single-parameter quantum sensing, in which all properties of a system are assumed to be known
except for the one parameter being estimated, this formalism provides a full characterization. It gives
a tight bound for the ultimate obtainable precision and a systematic strategy to achieve it. In the case
of multi-parameter quantum sensing however, the situation becomes far more complex because the
Cramér–Rao approach involves a matrix inequality, which features the inverse of the CFIM for a given
measurement, or the inverse of the QFIM for an optimized measurement. Two major issues therefore
arise when applying the Cramér–Rao formalism to multi-parameter problems. First, the bound given
by the QFIM is in general no longer tight due to the well-studied measurement incompatibility issue.
Second, the Fisher information matrix might be singular and thus its inverse does not exist. In many
cases, the CFIM for a particular measurement might be singular, even though the QFIM for the optimal
measurement is invertible. In such a scenario, the CFIM singularity is related to incomplete measure-
ment outcomes and can be overcome by adopting a better measurement strategy. The QFIM singu-
larity, however, is more consequential as it directly implies the singularity of the CFIM for all possible
measurements.

In this paper, we develop a framework to understand the different types of QFIM singularities and
their physical origin. Furthermore, we show how Bayesian estimation can provide detailed and highly
non-trivial information about singular multi-parameter problems, including on the effective parameter
encoding and the existence of metrological symmetries. Utilizing this information, which requires no a
priori knowledge of the system, we demonstrate that a well-defined and non-singular estimation problem
can be obtained by suitable re-parameterization (which is in general a non-linear coordinate transform-
ation). The effective parameters can then be estimated with a precision that follows from an effective
CRB.

We show that the key to understanding QFIM singularities is an intrinsic over-parameterization
on the metrological level. This is related to the emergence of metrological symmetries: systems with
different parameters cannot be distinguished by measurements on the system and asymptotically
yield the same statistical model from which inferences about the parameters are made. Such an over-
parameterization can arise when the quantum state or the optimal measurement operators depend on
the d bare parameters to be estimated, θ⃗, only through a reduced set of k< d effective parameters, Ω⃗.
However, singularities can also result from ‘hidden’ effective parameters that are not apparent on the
level of the state or measurement operators. In all cases, the metrological over-parameterization and
hence the QFIM singularity is signaled by one or more zero eigenvalues of the QFIM. The number of
non-zero eigenvalues is the number of effective parameters which can be estimated.

Metrological symmetries arise due to constraints on the metrological level, which can produce effect-
ive dependencies between otherwise independent parameters. Such constraints can arise, for example,
as a consequence of conservation laws resulting from symmetries. Symmetries in the Hamiltonian, or a
given state used for sensing, impose a structure to the QFIM that can cause a singularity. In such cases,
the singularity may be lifted by application of a suitable symmetry-breaking field. Singularities may also
arise from the partial accessibility to reduced probe states of small dimension. Such singularities can be
lifted by increasing the probe complexity. Singularities present in a given pure state might not be present
in mixed states; finite temperatures can therefore alleviate such singularities. We have shown examples
of each of these cases in this paper. Singularities may also arise, and be lifted, by other mechanisms—we
leave the systematic study of this for future work.

As a potentially interesting outlook, we mention briefly the possible role of QFIM singularities for
quantum critical systems in the thermodynamic limit. Singularities resulting from high symmetries in
one phase may be lifted by spontaneous symmetry-breaking on crossing a quantum phase transition. On
the other hand, emergent symmetries at quantum critical points may lead to new singularities. Indeed,
the universal scaling of physical quantities near a critical point means that the underlying physics is con-
trolled by one (or a few) effective energy scales, and is insensitive to microscopic details. Our general
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analysis of the QFIM in this paper would seem to suggest that such a redundant parameter encoding
could lead to emergent singularities.

Although analysis of the QFIM itself does not typically yield information about the functional
dependence of the effective parameters or the nature of the metrological symmetries in singular systems,
this information is readily accessible from the Bayesian posterior distribution. Indeed, we note that this
information can be extracted by post-processing the data: the standard Bayesian strategy in terms of the
original parameters can still be used without modification for the purposes of data collection and the
experimental protocol.

We also point out that metrological ‘phase diagrams’ of the QFIM determinant are particularly useful
diagnostic tools. The topology of these phase diagrams is controlled by the singular systems with zero
determinant, and understanding when the ground state of a system is singular can be rather informative.
In particular, we find that the measurement precision for non-singular systems is strongly affected by
singular points nearby in the phase diagram.

We believe that our results offer an insight into the fundamental origin of metrological singularities,
and our approach for identifying effective parameters and metrological symmetries through Bayesian
analysis provides a systematic route to estimation even when the standard frequentist approach fails.
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Appendix A. Illustrative example—Heisenberg trimer

Here we provide a simple but nontrivial example of a QFIM singularity, results for which we presented
for illustrative purposes in figure 1. We consider a triangular arrangement of three exchange-coupled
spins- 12 , which admits an exact solution for the QFIM. Our model reads,

Ĥ = KS⃗1 · S⃗2 + J
(
S⃗1 · S⃗3 + S⃗2 · S⃗3

)
≡ E0 +

1
2 J⃗S

2

tot +
1
2 (K− J) S⃗

2

12 , (A1)

where on the second line we used S⃗tot = S⃗1 + S⃗2 + S⃗3 and S⃗12 = S⃗1 + S⃗2. Here E0 =− 3
8 J−

3
4K is an

irrelevant constant. Since [Ĥ, S⃗
2

tot] = [Ĥ, S⃗
2

12] = [Ĥ, Ŝztot] = [⃗S
2

tot, S⃗
2

12] = [⃗S
2

tot, Ŝ
z
tot] = 0, all eigenstates

|Stot,S12,Sztot〉 of Ĥ are uniquely identified by the quantum numbers Stot, S12 and Sztot. The energies of
these states are determined just by Stot and S12 according to equation (A1), EStot,S12 = E0 +

1
2 JStot(Stot +

1)+ 1
2 (K− J)S12(S12 + 1). We therefore have a 2-fold degenerate doublet state with S12 = 0 and energy

E1/2,0 =− 3
4K, a 2-fold degenerate doublet state with S12 = 1 and energy E1/2,1 =

1
4K− J, and a 4-fold

degenerate quartet state with S12 = 1 and energy E3/2,1 =
1
4K+ 1

2 J. The thermal weights (density matrix
probabilities) are given by pStot,S12 = e−EStot,S12/T/Z with partition function Z= 2e−E1/2,0/T + 2e−E1/2,1/T +
4e−E3/2,1/T. Since the symmetry quantum numbers fully determine all states, the basis is fixed. The
(thermal state) QFIM then follows as [68], Î i,j = 2(∂i p1/2,0 ∂jp1/2,0)/p1/2,0 + 2(∂i p1/2,1 ∂jp1/2,1)/p1/2,1 +
4(∂i p3/2,1 ∂jp3/2,1)/p3/2,1. The QFIM for two-parameter estimation of any pair (K,T) or (K, J) or (J,T)
is nonsingular.

We now consider the reduced state of spins 1 and 2 after tracing out spin 3. This is trivially com-
puted because by SU(2) spin symmetry, the reduced states can be labeled by their spin S12 but the ori-
ginal full states are also labeled by S12. It is straightforwardly shown that for the reduced states we have a
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Figure 8. Contour lines of constantΩ= ⟨⃗S 2
12⟩ for the Heisenberg trimer model considered in figure 1. The coupling is fixed to

J= 1. All Bayesian posterior lines in the singular scenario must converge to one of these contour lines. Overlaid as the red arrows
are the eigenvector fields corresponding to the single non-zero QFIM eigenvalue.

3-fold degenerate triplet with S12 = 1 and probability pred1 = 2
3p1/2,1 +

4
3p3/2,1 as well as a unique sing-

let S12 = 0 with probability pred0 = 2p1/2,0. The QFIM for the reduced (thermal) state is then Îred
i,j =

3(∂i pred1 ∂jpred1 )/pred1 +(∂i pred0 ∂jpred0 )/pred0 . With this, it follows that the reduced state QFIM is singular

for any T, with det[Îred] = 0.
This can be understood as an example of singularity due to state dependence on an effective implicit

parameter. The RDM ϱ̂red(Ω) is controlled entirely by the thermal expectation value Ω≡ 〈⃗S
2

12〉= 6pred1

since 3pred1 + pred0 = 1. Thus from equation (22) we immediately conclude that the QFIM is singular. In
this case, the result follows because the reduced state only depends on J, K and T through the effective
parameter Ω≡ Ω(J,K,T). Measurements on the system cannot distinguish between different parameter
combinations of J, K and T if they give the same value of Ω.

In the context of Bayesian estimation, the posterior will therefore converge to a contour line of con-
stant Ω, passing through the true parameter values. In the Heisenberg trimer example, we can find an
expression for these contour lines analytically, K= T ln[(2−Ω)e−J/2T(2+ e3J/2T)/Ω]. These contour lines
are plotted in figure 8. Overlaid on the figure as the red arrows is the QFIM eigenvector field corres-
ponding to the single non-zero QFIM eigenvalue, confirming equation (21). We emphasize that it is not
possible to analytically extract the functional dependence of Ω on the bare parameters K, J and T from
the QFIM eigenvectors by inverting equation (21) even in this simple case. The numerical solution is
also very challenging, being plagued by divergences and branch cuts. On the other hand, Bayesian estim-
ation strategies are straightforward.

In the lower panels of figure 1 we consider multiparameter Bayesian estimation using the (singular)
reduced state of the Heisenberg trimer model, for the unknown parameters θ1 = K and θ2 = T, showing
results for the Bayesian posterior of the temperature estimator after M= 100, 300 and 1000 measure-
ments with representative J= 1. The true value of the parameters is Ttr = 1 and Ktr = 0.5 which yields
Ωtr ' 1.4. The Bayesian posterior is indeed found to converge precisely to our exact expression for the
contour line corresponding to Ω' 1.4. This shows vividly that the effective metrological symmetries
revealed by the Bayesian estimation strategy can be highly nontrivial and can have complicated func-
tional dependences on the underlying system parameters.

In the upper panels of figure 1, we show a non-singular example for comparison. Here the singular-
ity of the Heisenberg trimer reduced state is lifted by application of a Zeeman field BŜztot, which breaks
the S12 = 1 multiplet degeneracy of the reduced state. In this case the BVM theorem holds and we expect
to see convergence of the Bayesian posterior to a unique point. This is confirmed by our results for
B= 1.

Appendix B. Solution of the XY model on the ring geometry

We consider here the XY model equation (15) on the ring geometry. In this case the system can be
mapped to a non-interacting fermionic model via the Jordan–Wigner transformation. The model is then
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Fourier transformed to momentum space and solved exactly [108–110] using fermionic two-component

spinors Ψ̂†
k =

(
ĉk , ĉ

†
−k

)
,

Ĥk = 2Ψ†
k [(h+λcosk) σ̂z +(γλ sink) σ̂x]Ψk , (B1)

which decouples the Hamiltonian as Ĥring
XY =

∑
k>0 Ψ̂

†
kĤkΨ̂k . Solving the eigenvalue problem for

equation (B1) yields the dispersion for each band, ϵ±k =±2
√

(h+λcosk)2 +λ2γ2 sin2 k. In each

momentum sector k, the ground state energy is ϵ−k and the corresponding ground state is |ψGS〉k =
cos θk

2 |0〉k + sin θk
2 |1〉k with tanθk =− λγ sink

h+λ cosk . The full ground state for an N-site system is therefore
given as the tensor product of those in each momentum-space block, |ψGS〉N =

⊗
k>0 |ψGS〉k.

For joint estimation of λ and γ the QFIM for arbitrary N can be found analytically,

Îring
λ,γ =

∑
k

16sin2 (k)(
ϵ−k
)4 (

h2γ2 hγλ(h+λcosk)
hγλ(h+λcosk) λ2 (h+λcosk)2

)
, (B2)

with k= π(2n+ 1)/N and n= 0,1,2, . . . ,
⌊
N
2

⌋
− 1 labeling the momentum space blocks. From this, we

can construct the determinant of the QFIM, which takes a simple analytic form for N = 4 spins,

det
[
Îring
λ,γ

]
=

8h2γ2λ4(
4h2 + 4h2 [γ2 − 1]λ2 + [γ2 + 1]2λ4

)2 . (B3)

We deduce that the QFIM for the XY model on the ring geometry for joint estimation of λ and γ is
singular only when h, γ and/or λ are zero.

Appendix C.When is the pure-state QFIM of the two-level system singular?

Consider the most general pure state for a two-level system,

|ψ〉= cos
[
p
(
θ⃗
)]

|0〉+ sin
[
p
(
θ⃗
)]

exp
[
iq
(
θ⃗
)]

|1〉 , (C1)

where p(θ⃗) and q(θ⃗) are arbitrary real functions of the parameters θ⃗ = (θ1,θ2,θ3, . . .) to be estimated.
Elements of the QFIM from equation (6) in this case are simply given by,

Î i,j = 4∂θip
(
θ⃗
)
∂θjp

(
θ⃗
)
+ ∂θiq

(
θ⃗
)
∂θjq

(
θ⃗
)
sin2

[
2p
(
θ⃗
)]

. (C2)

From this we first note that estimation of d= 3 or more parameters with a two-level system is
impossible. This is a special case of the result in [81], and here one can verify that det[Î] = 0 irrespective
of the functions p(θ⃗) and q(θ⃗) for d⩾ 3. For the two-parameter estimation problem where θ⃗ = (θ1,θ2)
we can ask: when is the QFIM of this pure state singular? Assuming finite real functions p and q, it is
straightforward to show that the determinant of the QFIM for the state equation (C1) is exactly zero if
and only if,

{p,q}θ⃗ ≡ ∂θ1p
(
θ⃗
)
∂θ2q

(
θ⃗
)
− ∂θ2p

(
θ⃗
)
∂θ1q

(
θ⃗
)
= 0 . (C3)

If the state depends only on a single function of the bare parameters Ω(θ1,θ2) then this implies from
equation (C1) that p(Ω) and q(Ω) are both functions of Ω. In this case the QFIM is clearly always sin-
gular from the condition equation (C3) (and in agreement with equation (22)).

Note however that the QFIM can also be singular even with different functions p(θ⃗) and q(θ⃗),
such that the state depends separately on both parameters θ1 and θ2 and not just on a single function
Ω(θ1,θ2). In such a case, the Bayesian posterior distribution can still reveal the hidden metrological sym-
metry encoded in an effective parameter Ω(θ1,θ2).

Finally, we comment that for mixed states of the two-level system, the conditions for QFIM singu-
larity are more inscrutable. However, the Bayesian approach can still yield useful information for singu-
lar mixed states (except for maximally-mixed states which contain no information about the underlying
parameters).
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Appendix D. Contour plots of constantΩ in the Heisenberg chain model

In section 6.2 we consider the Heisenberg spin chain model with N = 4 sites. The reduced state of the
central two spins has a singular QFIM. However, unlike the Heisenberg trimer example considered
above, in this case there is no analytic expression for the state, QFIM, or contour lines of the correlator
Ω= 〈 ˆ⃗σ2 · ˆ⃗σ3〉 which controls the RDM. The lines of likelihood in the Bayesian posterior must still con-
verge to a contour line of constant Ω. These are numerically computed for the Heisenberg chain model
and shown in figure 9. Bayesian estimation can therefore still be used to uncover the state dependence
on Ω and the underlying dependence of Ω on the system parameters, as shown in figure 4.

Figure 9. Contour lines of constantΩ= ⟨ ˆ⃗σ2 · ˆ⃗σ3⟩ for the Heisenberg chain model with N= 4 sites considered in section 6.2. The
coupling is fixed J= 1. All Bayesian posterior lines in the singular scenario must converge to one of these contour lines. Overlaid
as the red arrows are the eigenvector fields corresponding to the single non-zero QFIM eigenvalue.

Overlaid on figure 9 as the red arrows is the QFIM eigenvector field corresponding to the single non-
zero QFIM eigenvalue, confirming equation (21).

Appendix E. XY model QFIM forN= 3

For N = 3 the ring and all-to-all geometries of the XY model are of course equivalent. The correspond-
ing QFIM for estimation of the parameters λ and γ can be computed exactly, and is given by,

Îλ,γ =
1

χ

(
12γ2h2 6γhλ(2h+λ)

6γhλ(2h+λ) 3λ2 (λ+ 2h)2

)
(E1)

where χ = [
(
3γ2 + 1

)
λ2 + 4h2 + 4hλ]2. Clearly the QFIM is singular since its determinant exactly van-

ishes for all values of λ, γ and h. For N = 3 we have a single momentum space block in equation (B2)
for n= 0 corresponding to k= π/3. Thus the ground state |ψGS〉3 used for quantum sensing is paramet-
erized by a single angle θπ/3 defined by tanθπ/3 =−

√
3λγ/(2h+λ). We see immediately that for N = 3

the state is controlled by a single effective parameter Ω= λγ/(2h+λ) which is at heart responsible for
rendering the multi-parameter estimation problem singular.

The QFIM has only one non-zero eigenvalue,

G1 =
3
(
4h2
(
γ2 +λ2

)
+ 4hλ3 +λ4

)
((3γ2 + 1)λ2 + 4h2 + 4hλ)2

(E2)

with corresponding eigenvector given by,

u⃗1 =


2γh√

4hλ3+λ4+4h2(γ2+λ2)
1√

4γ2h2

λ2(λ+2h)2
+1

 . (E3)
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The eigenvector corresponding to the zero eigenvalue G2 = 0 is given by,

u⃗2 =


−λ(2h+λ)√

4hλ3+λ4+4h2(γ2+λ2)
1√

λ2(2h+λ)2

4γ2h2
+1

 . (E4)

In this case, one can directly verify equations (20) and (21) for the effective parameter Ω= λγ/(2h+
λ). Using equation (18) we readily obtain,

I (Ω) = 3(2h+λ)
4

(4h2 + 4hλ+ [1+ 3γ2]λ2)2
. (E5)

Note that for N > 3 we have involvement of multiple momentum-space blocks and therefore the
ground state is certainly not controlled by just a single effective parameter.

Appendix F. Recovery of pure-state QFIM in the limit T→ 0

Elements of the QFIM for general mixed states are given by equation (5), whereas for pure states the
QFIM elements are given by equation (6). When ϱ̂≡ ϱ̂(T) describes a thermal state, the well-controlled
T→ 0 (zero temperature) limit of equation (5) should yield equation (6) for the ground state, with ϱ̂=
|ψGS〉〈ψGS|. This is important to establish continuity between idealized results for pure states and those
for general thermal states. We show that explicitly here.

For a thermal state ϱ̂ we use the spectral decomposition ϱ̂=
∑

j ej|ej〉〈ej|, where the probabilities ej
are the normalized Boltzmann weights ej = e−Ej/T/Z, with Z=

∑
j e

−Ej/T the partition function and Ej

the energy of state |ej〉 satisfying the Schrödinger equation Ĥ|ej〉= Ej|ej〉.
When the spectrum of the density matrix is strictly non-degenerate, we may employ the standard

results for the derivatives of an eigensystem, ∂µej = 〈ej|∂µϱ̂|ej〉 and |∂µej〉=
∑

i̸=j
⟨ei |∂µϱ̂|ej⟩

ej−ei
× |ei〉 to write

equation (5) in the alternative form [68],

Î i,j =
∑
n

(∂i en)
(
∂jen
)

en
+ 2
∑
n̸=m

(en − em)
2

en + em
Re 〈en|∂iem〉〈∂jem|en〉 . (F1)

Defining now the ground state |ψGS〉 as the state with lowest energy EGS, we specify all energies with
respect to the ground state, Ẽj = Ej − EGS, and factorize the partition function as Z= e−EGS/T × Z̃ where

Z̃=
∑

j e
−Ẽj/T. The thermal weights can then be expressed as ej = e−Ẽj/T/Z̃. This rewriting simplifies tak-

ing the T→ 0 limit since the factors e−Ẽj/T tend to either 0 or 1 in a well-behaved fashion. Specifically,
e−ẼGS/T → 1 for the ground state with ẼGS = 0, and e−ẼEx/T → 0 for all excited states with ẼEx > 0.
Therefore Z̃→ 1 as T→ 0 and so the thermal weights eGS → 1 and eEx → 0.

The first term in equation (F1) can be expanded as,

∑
n

(∂i en)
(
∂jen
)

en
=
∂ieGS∂jeGS

eGS
+
∑
Ex

∂ieEx∂jeEx
eEx

. (F2)

The first term for the ground state tends to 0 as T→ 0 because the ground state thermal weights tend
to 1 independently of the parameters, and hence the derivatives on the numerator vanish. Although
the excited state weights all tend to 0 as T→ 0 and become parameter independent, the second term
in equation (F2) is more subtle due to the vanishing weight on the denominator. We therefore use
L’Hopital’s rule to write limT→0 (∂ieEx∂jeEx)/eEx = limT→0 ∂T(∂ieEx∂jeEx)/∂TeEx. Analysis of the latter
shows that the sum over excited state contributions vanishes term by term as T→ 0.

This leaves only the second term in equation (F1). We distinguish two cases for the coefficient,

∑
n ̸=m

(en − em)
2

en + em
=
∑
n∈ Ex
m∈ Ex

(en − em)
2

en + em
+ 2

∑
n∈ Ex

(eGS − en)
2

eGS + en

noting that n and m cannot both be ground states because of the condition n 6=m (and assuming
a non-degenerate spectrum). For the first term, we must use L’Hopital’s rule again, limT→0 (en −
em)2/(en + em) = limT→0 ∂T(en − em)2/∂T(en + em) = 0, so this contribution vanishes. For the second
term (eGS − eEx)2/(eGS + eEx)→ 1 as T→ 0.

27
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Thus as T→ 0 we can write equation (F1) as,

Î i,j = 4Re

[∑
n∈ Ex

〈en|∂ieGS〉〈∂jeGS|en〉

]
,

= 4Re

[∑
n

〈∂jeGS|en〉〈en|∂ieGS〉− 〈∂jeGS|eGS〉〈eGS|∂ieGS〉

]
,

= 4Re
[
〈∂jeGS|∂ieGS〉− 〈∂jeGS|eGS〉〈eGS|∂ieGS〉

]
,

(F3)

where in the middle line we extended the sum over all states, and on the last line we used the resolution
of the identity 1̂=

∑
n |en〉〈en|. The result is precisely that for pure states, equation (6).

Therefore, we conclude that if the QFIM is singular for the ground state (meaning that the pure-state
QFIM determinant computed using the ground state is zero) then the QFIM of the thermal state will
also vanish continuously in the T→ 0 limit. In most standard cases, even when the QFIM is singular for
all pure states, the thermal state QFIM will be non-singular. Our result shows that in such a case raising
the temperature will lift the singularity. Therefore metrological sensitivity is enhanced by increasing the
temperature. This is illustrated in section 10.
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